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An effective theory for the Standard Model with extra dimensions is constructed. We start
from a field theory governed by the extra-dimensional Poincare´ group ISO(1, 3 + n) and by the
extended gauge group GSM(M
4+n) = SUC(3,M
4+n) × SUL(2,M
4+n) × UY (1,M
4+n), which is
characterized by an unknown energy scale Λ and is assumed to be valid at energies far below
this scale. Assuming that the size of the extra dimensions is much larger than the distance scale
at which this theory is valid, an effective theory with symmetry groups ISO(1, 3) and GSM(M
4)
is constructed. The transition between such theories is carried out via a canonical transfor-
mation that allows us to hide the extended symmetries {ISO(1, 3 + n), GSM(M
4+n)} into the
standard symmetries {ISO(1, 3), GSM(M
4)}, and thus endow the Kaluza-Klein gauge fields with
mass. Using a set of orthogonal functions {f (0), f (m)(x¯)}, which is generated by the Casimir in-
variant P¯ 2 associated with the translations subgroup T (n) ⊂ ISO(n), the degrees of freedom of
{ISO(1, 3 + n), GSM(M
4+n)} are expanded via a general Fourier series, whose coefficients are the
degrees of freedom of {ISO(1, 3), G(M4)}. It is shown that these functions, which correspond to
the projection on the coordinates basis {|x¯
〉
} of the discrete basis {|0
〉
, |p(m)
〉
} generated by P¯ 2,
play a central role in defining the effective theory. It is shown that those components along the
ground state f (0) =
〈
x¯|0
〉
do not receive mass at the compactification scale, so they are identified
with the Standard Model fields; but components along excited states f (m) =
〈
x¯|p(m)
〉
do receive
mass at this scale, so they correspond to Kaluza-Klein excitations. In particular, it is shown that
associated with any direction |p(m) 6= 0
〉
there are a massive gauge field and a pseudo-Goldstone
boson. Some resemblances of this mass-generating mechanism with the Englert-Higgs mechanism
are stressed and some physical implications are discussed. We perform a comprehensive study of
the couplings in all sectors of the effective theory, which includes a full catalog of Lagrangian terms
that can be used to calculate Feynman rules.
PACS numbers: 04.50.Cd, 14.80.Rt, 11.10.Kk, 11,30.Cp, 12.60.-i
INTRODUCTION
Candidates to fundamental theories at the Planck scale, which encompass models that are not theories of fields or
particles in Wigner’s sense [1, 2], are commonly formulated in more than four dimensions in order to be self-consistent.
The emblematic case is superstring theory [3–5]. The interest in phenomenological effects produced by new physics
involving extra dimensions arose after the works by Antoniadis, Arkani-Hamed, Dimopoulos and Dvali [6–8], who
argued that relatively large extra dimensions could be detected at the TeV scale. If such large extra dimensions exist,
they might affect the dynamics of known particles. In order to investigate the consequences of extra dimensions at our
four-dimensional realm, in this paper we present an extension of the Standard Model (SM) based on the well-known
universal extra dimensions (UEDs) approach [9]. The phenomenological implications of theories in the presence of
extra dimensions have been exploited in various contexts such as dark matter [10–26], neutrino physics [27, 28], Higgs
physics [29–37], flavor physics [38–42], Hadronic and linear colliders [43–66], and electroweak gauge couplings [67, 68];
also, theoretical aspects of field theories with extra dimensions have been studied by several authors [69–83].
At sufficiently-low energy, effects of fundamental theories can be described by effective field theories. In this work,
we are interested in deriving a SM extension to extra dimensions. Our approach will be based on the notion of hidden
symmetry. The concept of hidden symmetry is a powerful instrument that allows to elegantly describe some subtle
and complex scenarios of fundamental physics. Hidden symmetry and spontaneous symmetry breaking (SSB) [84–87]
are the cornerstone of the SM of particle physics. The merger of both ideas is the very essence of the Englert-Higgs
mechanism (EHM) [88–90]. In recent communications [91, 92] by some of us, the symmetric structure of Yang-Mills
2theories with extra dimensions has been studied and its resemblance with the EHM stressed. In this work, we follow
this approach closely to lay the foundations of a SM extension to extra flat dimensions, which we refer to by the
acronym EDSM, for “extra-dimensional Standard Model”. We consider, as a starting point, an action for a field
theory defined on a flat-spacetime manifold of dimension d = 4 + n: Md = M4 × Nn, which is the result of the
cartesian product of the four-dimensional Minkowski spacetime M4 and some n-dimensional noncompact manifold
Nn that represents a spatial extension. We assume this higher-dimensional theory to be invariant under the Poincare´
group ISO(1, 3 + n) and the gauge group GSM(Md) ≡ SUC(3,Md) × SUL(2,Md) × UY (1,Md), which is a gauge
group with all of its group parameters defined on Md. Since this theory is not renormalizable in the Dyson’s sense,
it is given by a Lagrangian that includes an infinite number of {ISO(1, 3 + n), GSM(Md)}-invariant terms of all
possible canonical dimensions. The lowest-dimensional term corresponds to a direct (4 + n)-dimensional extension of
the standard 4-dimensional theory, while those terms of greater and increasing dimension are suppressed by inverse
powers of an unknown energy scale Λ, which is assumed to be far above the Fermi scale. We assume that the average
size of the extra dimensions, R, is so large compared with the distance scale at which this theory is valid that it
actually can be considered as infinite. At energies far above the compactification scale R−1, this theory is governed
by the extended groups {ISO(1, 3 + n) , GSM(Md)}. To describe the physical phenomena at much-smaller energies,
where the compactness of the extra dimensions becomes apparent, we need to hide the {ISO(1, 3 + n), GSM(Md)}
symmetry into {ISO(1, 3), GSM(M4)}. Observe that GSM(Md) and GSM(M4) coincide as Lie groups, but they differ
as gauge groups. It should be noted that the process of hiding a symmetry does not mean moving from one theory to
another, but rather focusing on the same theory from another perspective. This means that we must pass from the
description based on {ISO(1, 3+ n), GSM(Md)} to that characterized by {ISO(1, 3), GSM(M4)} through a canonical
transformation. As it occurs in theories with SSB, the physical content is a matter of scales. In the SM one uses the
groups SUC(3,M4)×Ue(1,M4) to describe physical phenomena at energies of the order of the Fermi scale v, but at
energies far above v the SUC(3,M4) × SUL(2,M4) × Ue(1,M4) description must be used. In our case, at energies
of the order of the compactification scale R−1, we use the {ISO(1, 3), GSM(M4)} description. However, at energies
far above the R−1 scale, we use the {ISO(1, 3 + n), GSM(Md)} description, since at these energies we are exploring
distances so small that the compact dimensions would really look infinite.
The compactification program comprises a number of nontrivial steps. First, one must define a canonical trans-
formation that maps covariant objets of {ISO(1, 3 + n), GSM(Md)} into covariant objets of {ISO(1, 3), GSM(M4)}.
This transformation is crucial to hide the extended symmetry into the standard one. Second, since the number of
connections of GSM(M4) is smaller than that of GSM(Md), the difference will appear as tensorial representations of
GSM(M4). So from the perspective of the SM gauge group, these connections can be endowed with mass. Indeed,
it is necessary to endow such connections with mass at the compactification scale R−1 because these new-physics
effects must be of decoupling nature in accordance with the Appelquist-Carazzone’s decoupling theorem [93]. This
means that some instrument analogous to the SSB must be introduced in order to generate such masses. Any
new particle that emerges as a consequence of the process of hiding the symmetry must be endowed with mass
through that instrument. The passing from the extended symmetry to the standard one should not spoil the gauge
structure of the theory, which means that we must be able to examine the physical phenomenon from both the
{ISO(1, 3), GSM(M4)} and {ISO(1, 3 + n), GSM(Md)} points of view. As it occurs in theories with SSB, the hiding
of the gauge symmetry manifests itself through the presence of two types of gauge transformations: the standard
gauge transformations (SGTs) of the group GSM(M4) and a set of nonstandard gauge transformations (NSGTs).
The NSGTs are determined by gauge parameters which do not belong to the GSM(M4) gauge group (see Refs. [94–96]).
A nontrivial consequence of hiding the extended symmetry into the standard one is the presence of an infinite
number of basic fields produced by the canonical map. These fields correspond to the so-called Kaluza-Klein (KK)
towers; some of these towers involve a field that can be identified with a SM field on M4 because its mass is not
affected by the compactification mechanism, while all the remaining KK fields receive mass through this mechanism.
This aspect is key to ensure the decoupling of the new-physics effects when the compactification scale is much higher
than the Fermi scale. Besides the well-known interactions among the SM fields, new couplings between the SM fields
and the excited KK modes, as well as couplings exclusively involving excited KK modes, arise in this model. The
additional terms bring new phenomena in four dimensions induced by the presence of the compact spatial extra
dimensions, which motivates us to present a comprehensive study of the different sectors of the model.
As commented, our approach is based on the notion of hidden symmetry. Since this concept is central to the SM,
one of our main purposes is to establish a parallelism of the Kaluza-Klein mass generating mechanism with the EHM
mechanism, highlighting both coincidences and discrepancies. An important goal is to establish the sequence of hiding
3symmetries:
{ISO(1, 3 + n), G(Md)} R
−1
−−−→ {ISO(1, 3), G(M4)}
v−→ {ISO(1, 3), SUC(3,M4)× Ue(1,M4)} , (1)
where the last step corresponds to the EHM. We will see that this step introduces nontrivial new elements at the
Fermi scale.
The rest of the paper has been organized as follows. In Sec. , some general features of theories with extra
dimensions, which are needed for subsequent developments, are discussed. In Sec. , we present explicit expressions
for the Yang-Mills sector and the Higgs sector of the EDSM. Sec. is devoted to study the Yukawa sector and the
currents sector of the theory. In Sec. , a summary of our results is presented. In , we introduce a representation
of the higher-dimensional Dirac matrices that is particularly suitable for our calculations; the covariant terms that
are present in the currents sector can be found in ; finally, in and we gather the different scalar charged currents
associated to the W gauge boson and the scalar neutral currents associated to the Z gauge boson.
PRELIMINARIES
The starting point is an effective gauge field theory that is governed by the extended groups {ISO(1, 3 +
n), GSM(Md)}, and whose gauge parameters are defined all over the spacetime Md = M4 × Nn. The action of
the theory is assumed to be a functional on gauge and matter fields, collectively denoted by ΦA(x, x¯) at spacetime
points (x, x¯) ∈ Md. These basic fields of the theory furnish a representation of the Lorentz group SO(1, 3+ n). Since
the theory is not renormalizable in the Dyson’s sense, the corresponding action consists of an infinite series of Lorentz
and gauge invariant terms of growing canonical dimension, that is,
S =
∫
d 4x dnx¯ L4+n (ΦA(x, x¯), ∂MΦA(x, x¯)) , (2)
where
L4+n = LSM(4+n) (ΦA(x, x¯), ∂MΦA(x, x¯))
+
∑
d
λd
Λd
L(d+d) (ΦA(x, x¯), ∂MΦA(x, x¯)) . (3)
Here, L(d+d) represents gauge- and Lorentz-invariant interactions of canonical dimensions greater than d, formulated
from fields ΦA and its spacetime derivatives ∂MΦA, multiplied by unknown coupling constants λd/Λ
d. It is worth
to mention that the fields ΦA describe particles of at most spin 1; although in an up-to-bottom approach this
expression should incorporate higher-spin particle content, we will not consider such cases here. The first term of the
right-hand side of Eq. (3) corresponds to a straightforward extension of the functional structure of the well-known
SM Lagrangian from four dimensions to d dimensions. The terms of increasing dimension are suppressed by inverse
powers of Λ, which is assumed to be far above the Fermi scale. In fact, according to the effective Lagrangian
approach, this theory is valid only for energies less than Λ. We assume that the size of the extra dimensions is so large
compared with this energies that it actually can be considered as infinite. This justifies the ISO(1, 3 + n) description
of the effective theory (3). Note that the first term in Eq. (3) does not depend on the Λ scale, although it does depend
on dimensionful coupling constants. As we see below, this term plays a central role in the {ISO(1, 3), GSM(M4)}
description.
Our main goal is to construct a SM extension to extra dimensions. To do this, we need to define canonical maps
that allow us to descend towards low-energy regimes in accordance with the pattern of hiding symmetries that we
schematized in Eq. (1). To carry out this program, we stress that SO(1, 3) and SO(n) are subgroups of SO(1, 3 + n).
We also have the following remarks, which are useful for the subsequent study: in the case where ΦA(x, x¯) represents
a scalar field Φ(x, x¯), it is also a scalar with respect to SO(1, 3) and SO(n); in the case in which ΦA(x, x¯) represents
an SO(1, 3 + n) vector field, which could be renamed as AM (x, x¯) (M = 0, 1, . . . , 3; 5, . . . , d ≡ µ; µ¯), it can be
seen as an SO(1, 3)-vector field, with components Aµ, and n SO(1, 3)-scalars denoted by1 Aµ¯; under the SO(n)
1 We will refer to these scalars as the scalars associated to the vector field Aµ.
4group, the four components of Aµ are scalar fields, whereas Aµ¯ can be seen as a vector. Letting d be even,
the 2d/2 = 2
4+n
2 components of a spinor Ψ(x, x¯) of SO(1, 3 + n) can be unfolded into 2n/2 (four-component)
spinors of SO(1, 3) and 2d/2 scalars of SO(n). Alternatively, the spinor Ψ(x, x¯) can be unfolded into 4 (2n/2-
component) spinors of SO(n) and 2d/2 scalars of SO(1, 3). In the spinorial case, we will adopt the first option, since
we are interested in constructing an effective theory at the R−1 scale governed by the standard Lorentz group SO(1, 3).
In the next sections, we implement the procedure outlined in Refs. [91, 92] in order to obtain the
{SO(1, 3), GSM(M4)}-invariant field theory, Ld=4eff , for the whole SM. This work complements the results given in
these references on the extra-dimensional Yang-Mills sector with the corresponding Higgs and fermionic sectors. We
also point out the phenomenologically relevant aspects involved in Ld=4eff .
According to Ref. [92], the effective Lagrangian with terms of canonical dimension d = 4 is derived from the
straightforward extension of the SM as follows:
Ld=4eff :=
∫
dnx¯LSM(4+n) , (4)
where
LSM(4+n) = LYM(4+n) + LH(4+n) + LC(4+n) + LY(4+n) , (5)
with LYM(4+n), LH(4+n), LC(4+n), and LY(4+n) respectively representing direct (4 + n)-dimensional generalizations of the
Yang-Mills, Higgs, Currents, and Yukawa sectors as we know them in the SM. In what follows we present a compre-
hensive discussion of each of these sectors and their corresponding compactification.
THE BOSONIC SECTOR
In Refs.[91, 92], a thorough discussion of Yang-Mills theories in more than four dimensions and their subsequent
compactification was presented. Here, we introduce notation and conventions, and present only the relevant results.
The Yang-Mills sector defined onMd is given by
LYM(4+n) = −
1
4
GaMN (x, x¯)GMNa (x, x¯)−
1
4
W iMN (x, x¯)WMNi (x, x¯)
−1
4
BMN (x, x¯)BMN (x, x¯) , (6)
where GaMN (x, x¯), W iMN (x, x¯), and BMN (x, x¯) are the components of the curvatures valued on the Lie algebras
suC(3,Md), suL(2,Md), and uY (1,Md), respectively. In terms of the corresponding connection components, they
are given by
GaMN = ∂MGaN − ∂NGaM + gs 4+nfabcGbMGcN , a, b, c = 1, . . . , 8 (7a)
W iMN = ∂MW iN − ∂NW iM + g4+nǫijkWjMWkN , i, j, k = 1, 2, 3 (7b)
BMN = ∂MBN − ∂NBM . (7c)
where gs 4+n and g4+n are dimensionful coupling constants, while f
abc and ǫijk are the structure constants that define
the Lie algebras su(3) and su(2), respectively. The Lagrangian (6) is invariant under {ISO(1, 3 + n), GSM(Md)}.
Hence after introducing the Fourier decompositions of the curvature components into the Yang-Mills sector at the
right-hand side of Eq. (6), and integrating out Nn using the orthogonality properties of f (m)E,O (see Appendix B of
Ref. [92]), we obtain a four-dimensional Yang-Mills Lagrangian that is conveniently decomposed into the quantum-
chromodynamics (QCD) and electroweak (EW) sectors, that is,
LYMeff = LYMQCDeff + LYMEWeff . (8)
At this level, both Lagrangians can be analyzed in a similar fashion. However, due to the presence of the Higgs sector
and its couplings with EW gauge fields, via covariant derivatives, we have decided to separately deal with LYMQCDeff
and LYMEWeff .
5The QCD sector: Gluons
In the notation used for the discussion of extra-dimensional Yang-Mills theories, AaM (x, x), written in caligraphic
letters, represented extra-dimensional gauge fields, while fields A
(0)a
µ , A
(m)a
µ , and A
(m)a
µ¯ , written in italic letters,
denoted KK modes that emerged from the extra-dimensional connection. As Eq. (6) suggests, we will follow this
notation for the rest of the paper. With this in mind, let us comment that the QCD sector LYMQCDeff contains, after
the identification of G
(0)a
µ with gluon fields of the SM, the well-known four-dimensional SM Yang-Mills-QCD sector
plus other terms that contain excited KK modes. Following Ref. [92], we divide LYM QCDeff into three different sectors
depending on the kind of local interaction, namely
LYM QCDeff = LYM QCDv-v + LYM QCDv-s + LYM QCDs-s . (9)
Using the su(3)-valued fields G
(m)
µ¯ = G
(m)a
µ¯ T
a, the commutator symbol [· , ·], and the normalization convention
Tr(T aT b) = δab/2, we can write the pure-vector sector LYMQCDv-v as
LYM QCDv-v := −
1
2
Tr
{
G(0)µν G(0)µν +
∑
(m)
G(m)µν G(m)µν
}
, (10)
where the following su(3)-valued objects are defined:
G(0)µν = G(0)µν − igs
∑
(m)
[
G(m)µ , G
(m)
ν
]
, (11)
G(m)µν = D(0)µ G(m)ν −D(0)ν G(m)µ − igs
∑
(rs)
∆(mrs)
[
G(r)µ , G
(s)
ν
]
. (12)
Recall that we have identified G
(0)a
µ with the SM gluon fields, so note that LYM QCDv-v contains the usual SU(3) kinematic
Yang-Mills term. Besides this term, we also encounter the kinematical term associated to G
(m)
µ , interactions between
the SM gluon fields and its excited KK modes, and interactions only among excited KK modes. As already noted in
Ref. [92], the Lagrangian given in Eq. (10) is not affected by the rotation R, which is introduced in order to determine
the physical scalar fields and pseudo-Goldstone bosons of this sector (see Ref. [92]).
From the LYM QCDv-s Lagrangian, the masses corresponding to the vectorial KK excitations G(m)aµ emerge as a result
of the Kaluza-Klein mass-generating mechanism [92]. From the same lagrangian term, the interactions of these KK
vector excitations with scalar modes G
(m)a
µ¯ are determined as well. Notice that G(m)µν¯ ≡ G(m)aµν¯ T a does not behave as
a vector under the rotation R; in fact,
G(m)µν¯ →R(m)ν¯ν¯′ D(0)µ G(m)ν¯′ − igs
∑
(kr)
∆′(krm)R(r)ν¯ν¯′
[
G(k)µ , G
(r)
ν¯′
]
+ p
(m)
ν¯ G
(m)
µ . (13)
Then,
LYM QCDs-v := −
1
2
∑
(m)
G(m)aµν¯ G(m)µν¯a
=
∑
(m)
Tr
{(
D(0)µ G(m)ν¯′
)(
D(0)µG(m)ν¯′
)
+2p
(m)
ν¯ R(m)ν¯ν¯′ G(m)µ D(0)µG(m)ν¯′ +m2(m)G(m)µ G(m)µ
−2igs
∑
(kr)
∆′(krm)R(r)ν¯ρ¯′
[
G(k)µ , G
(r)
ρ¯′
] (
R(m)ν¯ν¯′ D(0)µG(m)ν¯′ + p(m)ν¯ G(m)µ
)
−g2s
∑
(rspq)
∆′(rsm)∆
′
(pqm)R(s)ν¯ν¯′R
(q)
ν¯ρ¯′
[
G(r)µ, G
(s)
ν¯′
] [
G
(p)
µ , G
(q)
ρ¯′
]}
. (14)
In this expression we identify the kinematical term of each scalar G
(m)
ν¯′ , the constant m
2
(m) as the squared mass of
the corresponding KK excited gauge fields G
(m)
µ = G
(m)a
µ T a, as well as various interaction terms among the SM QCD
6gauge field G
(0)
µ , its KK excitations G
(m)
µ , and the KK excited scalars G
(m)
µ¯′ . As we already commented in [91, 92], it
should be noted the striking resemblance of this sector with a typical Higgs kinetic term. In particular, it is remarkable
that the second term can be reduced to a direct coupling between gauge excited vector fields G
(m)
µ and massless scalar
fields G
(m)
G , just as it occurs in gauge theories with spontaneous symmetry breaking. Although this term could be
treated as a vertex in pertubation theory, there is no need to do so in the gauge G
(m)
G = 0 defined in [92]. This is
what we called the unitary gauge, due to its similarity with the gauge used in the SM in which all pseudo-Goldstone
bosons are set to zero. In such a gauge one has G
(m)
µ¯ = R(m)µ¯µ¯′G(m)µ¯′ = R(m)µ¯n¯ G(m)n¯ .
As far as LYM QCDs-s is concerned, it can be written as follows:
LYM QCDs-s = −
∑
(m)
Tr
{
m2(m)G
(m)
n¯ G
(m)
n¯
−2igsp(m)µ¯ R(m)ν¯ν¯′ G(m)ν¯′
∑
(rs)
∆′(rsm)R(r)µ¯µ¯′R(s)ν¯ν¯′
[
G
(r)
µ¯′ , G
(s)
ν¯′
]
−1
2
g2s
( ∑
(rspq)
∆′(rsm)∆
′
(pqm)R(r)µ¯µ¯′R(s)ν¯ν¯′R
(p)
µ¯ρ¯′R
(q)
ν¯σ¯′
[
G
(r)
µ¯′ , G
(s)
ν¯′
] [
G
(p)
ρ¯′ , G
(q)
σ¯′
]
+
∑
(m)
R(p)µ¯µ¯′R(m)ν¯ν¯′ R(r)µ¯ρ¯′R
(p)
ν¯σ¯′
[
G
(m)
µ¯′ , G
(m)
ν¯′
] [
G
(r)
ρ¯′ , G
(r)
σ¯′
] )}
. (15)
From this Lagrangian we immediately recognize the massive fields G
(m)
n¯ , with mass m(m), and various trilinear and
quartic interaction terms among them. As shown in [92], a proper fixing of the gauge symmetry induced by the
NSGTs allows G
(m)
G = 0.
The electroweak sector: Bosons
The presence of a Higgs doublet and its minimal coupling to electroweak gauge fields, together with the occurrence
of a genuine EHM at the Fermi scale, renders the mass spectrum of the excited KK scalars W
(m)i
µ¯ and B
(m)
µ¯ rather
different from that of a pure Yang-Mills theory.
The effective Yang-Mills electroweak sector is given by
LYM EWeff = −
1
4
[
W(0)iµν W(0)µνi +W(0)iµ¯ν¯ W(0)µ¯ν¯i
+
∑
(m)
(
W(m)iµν W(m)µνi + 2W(m)iµν¯ W(m)µν¯i +W(m)iµ¯ν¯ W(m)µ¯ν¯i
) ]
− 1
4
[
B(0)µν B(0)µν
+
∑
(m)
(
B(m)µν B(m)µν + 2B(m)µν¯ B(m)µν¯ + B(m)µ¯ν¯ B(m) µ¯ν¯
) ]
. (16)
The different curvature components W(0)iµν , W(m)iµν , W(0)iµ¯ν¯ , W(m)iµ¯ν¯ , and W(m)iµν¯ are already given in [92, 94], but with
the appropriate su(2)-valued gauge-connection components (F 7→ W) and structure constants (fabc 7→ ǫijk) . The
abelian curvature components B(0)µν , B(m)µν , B(0)µ¯ν¯ , B(m)µ¯ν¯ , and B(m)µν¯ are given by
B(0)µν = B(0)µν = ∂µB(0)ν − ∂νB(0)µ , (17a)
B(m)µν = ∂µB(m)ν − ∂νB(m)µ , (17b)
B(m)µ¯ν¯ = p(m)µ¯ B(m)ν¯ − p(m)ν¯ B(m)µ¯ , (17c)
B(m)µν¯ = ∂µB(m)ν¯ + p(m)ν¯ B(m)µ . (17d)
Notice that for any abelian gauge group we have B(0)µ¯ν¯ = 0. This Lagrangian is invariant under the SGTs, which can
be identified with the group SUL(2,M4)× UY (1,M4).
7The (4 + n)-dimensional Lagrangian for the Higgs sector is given by
LH(4+n) = (DMΦ)†(DMΦ)− V (Φ†,Φ) , (18)
where Φ is the Higgs doublet defined on the higher-dimensional spacetime. The electroweak covariant derivative DM ,
in the fundamental representation, is constructed with the connection components W iM and BM as
DM = ∂M − ig4+nσ
i
2
W iM − ig′4+n
Y
2
BM , (19)
while the straightforward extrapolation of the Higgs potential to higher dimensions is
V (Φ†,Φ) = µ2(Φ†Φ) + λ(4+n)(Φ
†Φ)2 , (20)
where µ and λ(4+n) are real parameters with canonical dimensions 1 and −n, respectively. Using the general strategy
described in Ref. [92], and in order to recover the SM Higgs sector in the small extra dimensions limit (Ri → 0), we
assume the Higgs doublet to be an even function under the altogether reflection of the extra spatial dimensions, that
is, Φ(x,−x¯) = Φ(x, x¯). Then
Φ(x, x¯) = f
(0)
E Φ
(0)(x) +
∑
(m)
f
(m)
E (x¯)Φ
(m)(x) . (21)
Explicitly, Φ(0)† =
(
G
(0)−
W , (v +H
(0) − iG(0)Z )/
√
2
)
and Φ(m)† =
(
G
(m)−
W , (H
(m) − iG(m)Z )/
√
2
)
are the SM Higgs
doublet and its KK excitations, respectively. These KK excitations have the same quantum numbers as the standard
Higgs doublet but we assume that they do not possess a vacuum expectation value.
Given the parity conditions that we established above, we conclude that the SO(1, 3)-vector (-scalar) components,
DµΦ (Dµ¯Φ), of DMΦ are even (odd) functions under the altogether reflection of the extra spatial dimensions. Hence,
integrating out the extra dimensions from Eq. (18) gives the effective Higgs sector
LHeff = (DµΦ)(0)†(DµΦ)(0) +
∑
(m)
[
(DµΦ)
(m)†(DµΦ)(m) + (Dµ¯Φ)(m)†(Dµ¯Φ)(m)
]
−V
(
Φ(0),Φ(m)
)
. (22)
Here,
(DµΦ)
(0) = D(0)µ Φ
(0) − ig
∑
(m)
O(m)µ Φ(m) , (23a)
(DµΦ)
(m) =
∑
(r)
D(mr)µ Φ
(r) − igO(m)µ Φ(0) , (23b)
(Dµ¯Φ)
(m) =
∑
(r)
D
(mr)
µ¯ Φ
(r) − igO(m)µ¯ Φ(0) , (23c)
can be obtained by, firstly, inserting the Fourier expansion of each field into the definitions of DµΦ and Dµ¯Φ, secondly,
using the parity property of each covariant derivative components and their respective Fourier expansions, and, finally,
integrating out the extra dimensions by taking advantage of the orthogonality of trigonometric functions. In Eqs. (23),
the SUL(2,M4)× UY (1,M4) covariant derivative is recovered and given by
D(0)µ = ∂µ − igO(0)µ , O(0)µ :=
σi
2
W (0)iµ +
g′
g
Y
2
B(0)µ , (24a)
whereas
D(mr)µ = δ
(mr)D(0)µ − ig
∑
(s)
∆(mrs)O(s)µ , O(m)µ :=
σi
2
W (m)iµ +
g′
g
Y
2
B(m)µ , (24b)
D
(mr)
µ¯ = −p(m)µ¯ δ(mr) − ig
∑
(s)
∆′(msr)O(s)µ¯ , O(m)µ¯ :=
σi
2
W
(m)i
µ¯ +
g′
g
Y
2
B
(m)
µ¯ . (24c)
8The effective Higgs potential V
(
Φ(0),Φ(m)
)
, included in Eq. (22), is
V
(
Φ(0),Φ(m)
)
= µ2
(
Φ(0)†Φ(0)
)
+ λ
(
Φ(0)†Φ(0)
)2
+
(
µ2 + 2λΦ(0)†Φ(0)
)∑
(m)
Φ(m)†Φ(m)
+ λ
∑
(m)
(
Φ(0)†Φ(m) +Φ(m)†Φ(0)
)(
Φ(0)†Φ(m) +Φ(m)†Φ(0)
)
+ 2λ
∑
(mkr)
∆(mkr)
(
Φ(k)†Φ(r)
)(
Φ(0)†Φ(m) +Φ(m)†Φ(0)
)
+ λ
∑
(mkrs)
∆(mkrs)
(
Φ(m)†Φ(k)
)(
Φ(r)†Φ(s)
)
. (25)
The first two terms correspond to the SM Higgs potential, with the dimensionless λ constant being related to λ(4+n)
by λ(4+n) = (R1 · · ·Rn)λ. The multi-index object ∆(mkrs) is a consequence of the fourth powered self-coupling in Φ
and its definition emerges from the integral of the product of four even functions with different Fourier modes:∫ 2πRn
0
. . .
∫ 2πR1
0
dnxf
(m)
E (x¯)f
(k)
E (x¯)f
(r)
E (x¯)f
(s)
E (x¯) = f
(0) 2
E ∆(mkrs) , (26)
where
∆(mkrs) ≡ ∆m1...mnk1...knr1...rns1...sn
=
1
2
(
δm1+k1 r1+s1 . . . δmn+kn rn+sn + δm1+r1 k1+s1 . . . δmn+rn kn+sn
+ δm1+s1 k1+r1 . . . δmn+sn kn+rn + 2δm1 k1+r1+s1 . . . δmn kn+rn+sn
+ δk1 r1+s1+m1 . . . δkn rn+sn+mn + δr1 s1+m1+k1 . . . δrn sn+mn+kn
+ δs1m1+k1+r1 . . . δsnmn+kn+rn
)
(27)
Adding LYM EWeff and LHeff together gives rise to the bosonic sector of the effective electroweak Lagrangian,
LEWeff, boson := LYM EWeff + LHeff . (28)
As it can be seen from the coupling between KK excited gauge fields and the Higgs doublet Φ(0) in Eq. (23b), there
is a contribution to the mass of the former due to the vacuum expectation value v. Similarly, from Eq. (23c), a v
contribution to the mass of the scalar fields involved in O(m)µ¯ is manifest. This is the justification behind the different
mass spectrum of excited KK electroweak fields with respect to that characterizing the excited KK gluon fields.
In order to systematize the study of LEWeff, boson, we split it into three different terms that depend on the type of local
interactions, so that modulo a constant, which does not affect the dynamics, we can write
LEWeff, boson = LEWs-s + LEWv-s + LEWv-v (29)
Below we will detail each of these Lagrangians.
Scalar-Scalar sector LEWs-s : scalar mass spectrum and self interactions.
The interactions among the different scalars of the theory are present in the following sector:
LEWs-s, boson :=−
1
4

∑
(m)
(
W(m)iµ¯ν¯ W(m)µ¯ν¯i + B(m)µ¯ν¯ B(m)µ¯ν¯
)
+W(0)iµ¯ν¯ W(0)µ¯ν¯i


+
∑
(m)
(Dµ¯Φ)
(m)† (
Dµ¯Φ
)(m) − V (Φ(0),Φ(m)) . (30)
9The mass spectrum of the scalar sector, once the SM Higgs mechanism is implemented, is encoded in the quadratic
part of LEWs-s, boson. In order to study the mass spectrum, it is convenient to introduce, just as in the SM, the complex
combinations2
W (0)±µ :=
1√
2
(
W (0)1µ ∓ iW (0)2µ
)
, (31a)
W (m)±µ :=
1√
2
(
W (m)1µ ∓ iW (m)2µ
)
, (31b)
W
(m)±
µ¯ :=
1√
2
(
W
(m)1
µ¯ ∓ iW (m)2µ¯
)
, (31c)
and the weak angle θW through the functions cW ≡ cos(θW) and sW ≡ sin(θW) in the following definitions:
Z(0)µ :=W
(0)3
µ cW −B(0)µ sW , A(0)µ :=W (0)3µ sW +B(0)µ cW , (32a)
Z(m)µ :=W
(m)3
µ cW −B(m)µ sW , A(m)µ :=W (m)3µ sW +B(m)µ cW , (32b)
Z
(m)
µ¯ :=W
(m)3
µ¯ cW −B(m)µ¯ sW , A(m)µ¯ :=W (m)3µ¯ sW +B(m)µ¯ cW . (32c)
In the standard unitary gauge, using the excited KK combinations defined in Eqs. (31) and (32), and the components
of Φ(m), the quadratic part of LEWs-s, boson can conveniently be written in the following way:
LEWs-s, mass = −
1
2
m2H(0)H
(0)H(0)
−
∑
(m)
{
1
2
(
m2H(0) +m
2
(m)
)
H(m)H(m) +
1
2
A
(m)
µ M
(m)
µ¯ν¯ A
(m)
ν¯
+
(
W
(m)−
µ¯ G
(m)−
W
)[(
M
(m)
µ¯ν¯ 0
0 0
)
+
(
m2
W (0)
δµ¯ν¯ −imW (0)p(m)µ¯
imW (0)p
(m)
ν¯ m
2
(m)
)](
W
(m)+
ν¯
G
(m)+
W
)
+
1
2
(
Z
(m)
µ¯ G
(m)
Z
)[(
M
(m)
µ¯ν¯ 0
0 0
)
+
(
m2
Z(0)
δµ¯ν¯ −mZ(0)p(m)µ¯
−mZ(0)p(m)ν¯ m2(m)
)](
Z
(m)
ν
G
(m)
Z
)}
. (33)
These expressions contain contributions from the Yang-Mills sector, the extra-spatial covariant derivatives, and the
potential term. In Eq. (33), the mass m2
H(0)
= 2λv2, of the SM Higgs boson H(0), is duly recovered and the squared
mass of each field in the KK tower H(m) is m2
H(m)
:= m2
H(0)
+m2(m). In addition, m
2
W (0)
and m2
Z(0)
are the SM squared
masses of the SM fields W
(0)±
µ and Z
(0)
µ . The excited scalar fields A
(m)
µ¯ associated to the photon field are mixed via
the same structure that mixes G
(m)
µ¯ in the LYM QCDeff . Here we find, as new ingredients, the balanced mixings between
the charged scalars W
(m)±
µ¯ and G
(m)±
W , and, separately, between the real scalars Z
(m)
µ¯ and G
(m)
Z as well. The above
expression can be further simplified first by using some properties of the orthogonal rotation given in [92]. Once this
2 These definitions, as well as those for A and Z given by Eqs. (32), can be shown to be the Fourier-componentwise equalities implied by
the corresponding higher dimensional equalities.
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is done, one obtains
LEWs-s, mass =−
1
2
m2H(0)H
(0)H(0) −
∑
(m)
{
1
2
m2H(m)H
(m)H(m) +
1
2
m2(m)A
(m)
n¯ A
(m)
n¯
+m2W (m)W
(m)−
n¯ W
(m)+
n¯ +
1
2
m2Z(m)Z
(m)
n¯ Z
(m)
n¯
+
(
W (m)− G(m)−W
)( m2
W (0)
−imW (0)m(m)
imW (0)m(m) m
2
(m)
)(
W (m)+
G
(m)+
W
)
+
1
2
(
Z(m) G
(m)
Z
)( m2
Z(0)
−mZ(0)m(m)
−mZ(0)m(m) m2(m)
)(
Z(m)
G
(m)
Z
)}
. (34)
According to this Lagrangian, the scalar excitations G
(m)±
W and G
(m)
Z , which originate in the extra-dimensional Higgs
doublet, mix only with W (m)± and Z(m), respectively, and they would correspond to massless scalars if no Higgs
sector were present. So, there arise mixings between the charged KK excitations G
(m)±
W and W
(m)±, and, similarly,
between the neutral KK excitations G
(m)
Z and Z
(m). The n− 1 scalar fields W (m)±n¯ and Z(m)n¯ , with n¯ = 1, · · · , n− 1,
are not mixed with the Higgs doublet components. These fields only receive a mass contribution given by mW (0)
in the case of W
(m)±
n¯ and by mZ(0) in the case of Z
(m)
n¯ . On the other hand, it can be seen that the mass matrix
that mixes the KK fields G
(m)±
W and W
(m)± and the one that mixes G(m)Z and Z
(m) have the set of eigenvalues
(m2
W (m)
= m2(m) + m
2
W (0)
, 0) and (m2
Z(m)
= m2(m) + m
2
Z(0)
, 0), respectively. In this way, a physical scalar W
(m)±
n
(Z
(m)
n ) and a massless scalar W
(m)±
G (Z
(m)
G ) associated with the gauge bosons W
± (Z) emerge. The massless scalar
fields correspond to the pseudo-Goldstone boson of the vectorial KK excitations of these gauge bosons. Due to the
fact that the above Lagrangian also induces a mass contribution to the n − 1 scalar fields W (m)±n¯ (Z(m)n¯ ) given by
mW (0) (mZ(0)), we conclude that associated to each KK tower of the massive W
± and Z gauge bosons there are
a total of n scalar fields with masses given by mW (m) and mZ(m) . This in contrast with the case of gluons or the
photon, which only have associated n− 1 physical scalars with masses given by m(m). The above mass matrices are
diagonalized through the following unitary transformations:

 W (m)+
G
(m)+
W

 = S

 W
(m)+
n
W
(m)+
G

 ,

 Z(m)
G
(m)
Z

 = T

 Z
(m)
n
Z
(m)
G

 , (35)
where
S =


m
W (0)
m
W (m)
m(m)
m
W (m)
i
m(m)
m
W (m)
−i mW (0)m
W (m)

 , T =


m
Z(0)
m
Z(m)
m(m)
m
Z(m)
− m(m)m
Z(m)
mZ(0)
m
Z(m)

 . (36)
Having defined the mass spectrum of the scalar sector, it is convenient to rewrite the LEWs-s, boson Lagrangian in a
11
way that can be useful for phenomenological applications:
LEWs-s, boson = −
1
4
(
2W(0)−µ¯ν¯ W(0)+µ¯ν¯ +W(0)3µ¯ν¯ W(0)3µ¯ν¯
)
∑
(m)
{
− 1
4
[
2W(m)−µ¯ν¯ W(m)+µ¯ν¯ +W(m)3µ¯ν¯ W(m)3µ¯ν¯ + B(m)µ¯ν¯ B(m)µ¯ν¯
]
+igp
(m)
µ¯
[
Φ(m)†O(m)µ¯ Φ(0) − Φ(0)†O(m)µ¯ Φ(m)
+
∑
(s)
∆′(msr)
(
Φ(m)†O(s)µ¯ Φ(r) − Φ(r)†O(s)µ¯ Φ(m)
) ]
+m2(m)Φ
(m)†Φ(m) + g2
[
Φ(0)†O(m)µ¯ O(m)µ¯ Φ(0)
+
∑
(rs)
∆′(msr)
(
Φ(0)†O(m)µ¯ O(s)µ¯ Φ(r) +Φ(r)†O(s)µ¯ O(m)µ¯ Φ(0)
)
+
∑
(rspq)
∆′(mpq)∆
′
(msr)Φ
(r)†O(s)µ¯ O(p)µ¯ Φ(q)
]}
− V (Φ(0),Φ(m)) . (37)
To pass to mass-eigenstate fields, the following relations must be used:
Φ(0) = Φ
(0)
P +Φ
(0)
G , (38)
Φ(m) = Φ
(m)
P +Φ
(m)
G , (39)
W
(m)+
µ¯ = R(m)µ¯n¯ W (m)+n¯ +R(m)µ¯W
(
S11W (m)+n + S12W (m)+G
)
= R(m)µ¯n¯ W (m)+n¯ +
p
(m)
µ¯
m(m)
(
S11W (m)+n + S12W (m)+G
)
, (40)
Z
(m)
µ¯ = R(m)µ¯n¯ Z(m)n¯ + R(m)µ¯Z
(
T11Z(m)n + T12Z(m)G
)
= R(m)µ¯n¯ Z(m)n¯ +
p
(m)
µ¯
m(m)
(
T11Z(m)n + T12Z(m)G
)
, (41)
A
(m)
µ¯ = R(m)µ¯n¯ A(m)n¯ +R(m)µ¯A A(m)G
= R(m)µ¯n¯ A(m)n¯ +
p
(m)
µ¯
m(m)
A
(m)
G , (42)
with
Φ
(0)
P =


0
v+H(0)√
2

 , Φ(0)G =


G
(0)+
W
iG
(0)
Z√
2

 , (43)
Φ
(m)
P =

 S21W
(m)+
n
H(m)√
2
+ i√
2
T21Z(m)n

 , Φ(m)G =

 S22W
(m)+
G
i√
2
T22Z(m)G

 . (44)
In addition,
W(m)+µ¯ν¯ = p(m)µ¯ W (m)+ν¯ − p(m)ν¯ W (m)+µ¯ + i
∑
(rs)
∆′(rsm)
[
gcW
(
W
(r)+
µ¯ Z
(s)
ν¯ −W (s)+ν¯ Z(r)µ¯
)
+e
(
W
(r)+
µ¯ A
(s)
ν¯ −W (s)+ν¯ A(r)µ¯
) ]
, (45)
12
W(m)3µ¯ν¯ = cW
(
p
(m)
µ¯ Z
(m)
ν¯ − p(m)ν¯ Z(m)µ¯
)
+ sW
(
p
(m)
µ¯ A
(m)
ν¯ − p(m)ν¯ A(m)µ¯
)
+ig
∑
(rs)
∆′(rsm)
(
W
(r)−
µ¯ W
(s)+
ν¯ −W (r)+µ¯ W (s)−ν¯
)
, (46)
W(0)+µ¯ν¯ = i
∑
(m)
[
gcW
(
W
(m)+
µ¯ Z
(m)
ν¯ −W (m)+ν¯ Z(m)µ¯
)
+e
(
W
(m)+
µ¯ A
(m)
ν¯ −W (m)+ν¯ A(m)µ¯
) ]
, (47)
O(m)µ¯ =


c2WZ
(m)
µ¯ +s2WA
(m)
µ¯
2cW
W
(m)+
µ¯√
2
W
(m)−
µ¯√
2
−Z
(m)
µ¯
2cW

 (48)
Notice that the gauge which removes the set of massless scalar KK excitations W
(m)±
G , Z
(m)
G and A
(m)
G , fixes once
and for all the excited gauge parameters α(m)i and α(m) that specify the so-called NSGTs. Hence the theory remains
invariant under the SGT as three of the four parameters α(0)i and α(0) are fixed by the standard unitary gauge
in which G
(0)±
W = 0 = G
(0)
Z . The LEWs-s, boson Lagrangian is considerably simplified when both the standard and
nonstandard gauge freedom are fixed using the unitary gauge.
Feynman rules can be directly derived from the above expressions. For instance, the couplings of the zero mode of
the Higgs boson to pairs of physical scalars are given by the following Lagrangian:
LH(0)S(m)S(m) = −gH(0)
∑
(m)
{
mW (0)W
(m)−
n¯ W
(m)+
n¯ +
mZ(0)
2cW
Z
(m)
n¯ Z
(m)
n¯
+mW (0)
(
1− m
2
H(0)
2m2
W (0)
m2(m)
m2
W (m)
)
W (m)−n W
(m)+
n
+
mZ(0)
2cW
(
1− m
2
H(0)
2m2
Z(0)
m2(m)
m2
Z(m)
)
Z(m)n Z
(m)
n
−3
4
m2
H(0)
m2
W (0)
H(m)H(m)
}
, (49)
where an implicit sum over the index n¯, from 1 to n − 1, is assumed. Notice that, as expected, the Higgs boson
distinguishes, from among all scalar fields, the excitations associated with the longitudinal components of the W and
Z gauge bosons. It is important to stress the fact that the Higgs boson couples to pairs of charged (neutral) scalars
proportionally to mW (0) (mZ(0)), just in the same way that it couples to pairs of W (Z) gauge bosons in the SM.
This fact shows that these charged (neutral) scalars are essential parts of the gauge bosons W (Z) in the sense that
the Higgs boson does not distinguish among them.
Vector-scalar sector LEWv-s : Gauge-excitations mass spectrum and vector-scalar interactions.
We now turn our attention to the vector-scalar interactions. There are two sources of vector-scalar interactions,
one emerging from the Yang-Mills sector and the other coming from the Higgs kinetic sector, that is,
LEWv-s, boson = LEWv-s,YM + LEWv-s,HK , (50)
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where
LEWv-s,YM = −
1
2
∑
(m)
(
W(m)iµν¯ W(m)µν¯i + B(m)µν¯ B(m)µν¯
)
, (51)
LEWv-s,HK =
∑
(m)
(DµΦ)
(m)†
(DµΦ)
(m)
+ (DµΦ)
(0)†
(DµΦ)
(0)
. (52)
We have found it useful to rewrite the Lagrangian LEWv-s,YM as
LEWv-s,YM =
∑
(m)
{
Tr
{(
D(0)µ W (m)n¯
)(
D(0)µW (m)n¯
)
+
(
D(0)µ W (m)
)(
D(0)µW (m)
)
+m2(m)W
(m)
µ W
(m)µ + 2m(m)W
(m)
µ D(0)µW (m)
−2ig
∑
(rs)
∆′(rsm)
(
R(s)ν¯n¯
[
W (r)µ ,W
(s)
n¯
]
+
p
(s)
ν¯
m(s)
[
W (r)µ ,W
(s)
])
×
(
R(m)ν¯n¯ D(0)µW (m)n¯ +
p
(m)
ν¯
m(m)
D(0)µW (m) + p(m)ν¯ W (m)µ
)
−g2
∑
(rspq)
∆′(rsm)∆
′
(pqm)
(
R(s)ν¯n¯
[
W (r)µ ,W
(s)
n¯
]
+
p
(s)
ν¯
m(s)
[
W (r)µ ,W
(s)
])
×
(
R(q)ν¯n¯
[
W (p)µ,W
(q)
n¯
]
+
p
(q)
ν¯
m(q)
[
W (p)µ,W (q)
])}
+
1
2
(
∂µB
(m)
n¯
)(
∂µB
(m)
n¯
)
+
1
2
(
∂µB
(m)
)(
∂µB(m)
)
+
1
2
m2(m)B
(m)
µ B
(m)µ +m(m)B
(m)
µ ∂
µB(m)
}
, (53)
where we used some results given in [92] to substitute the matrix elements R(m)ν¯W and R(m)ν¯B . In this expression, D(0)µ
is the covariant derivative of SU(2,M4) in the adjoint representation. In addition, we have introduced the following
objects:
W
(m)
n¯ =


cWZ
(m)
n¯ +sWA
(m)
n¯
2
W
(m)+
n¯√
2
W
(m)−
n¯√
2
− cWZ(m)n¯ +sWA(m)n¯2

 , (54)
W (m) =


cW
(
T11Z(m)n +T12Z(m)G
)
+sWA
(m)
G
2
S11W (m)+n +S12W (m)+G√
2
S11W (m)−n +S12W (m)−G√
2
− cW
(
T11Z(m)n +T12Z(m)G
)
+sWA
(m)
G
2

 , (55)
W (m)µ =


cWZ
(m)
µ +sWA
(m)
µ
2
W (m)+µ√
2
W (m)−µ√
2
− cWZ
(m)
µ +sWA
(m)
µ
2

 , (56)
B
(m)
n¯ = −sWZ(m)n¯ + cWA(m)n¯ , (57)
B(m) = −sW
(
T11Z(m)n + T12Z(m)G
)
+ cWA
(m)
G . (58)
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The Higgs kinetic term LEWv-s,HK can be expressed as follows:
LEWv-s,HK =
(
D(0)µ Φ
(0)
)† (
D(0)µΦ(0)
)
+
∑
(m)
{(
D(0)µ Φ
(m)
)† (
D(0)µΦ(m)
)
+ig
(
Φ(m)†O(m)µD(0)µ Φ(0) +Φ(0)†O(m)µD(0)µ Φ(m)
+
∑
(rs)
∆(mrs)Φ
(r)†O(s)µ D(0)µΦ(m) −H. c.
)
+g2

Φ(0)†O(m)µ O(m)µΦ(0) +∑
(r)
Φ(m)†O(m)µ O(r)µΦ(r)


+g2
∑
(rs)
∆(mrs)
(
Φ(r)†O(s)µ O(m)µΦ(0) +Φ(0)†O(m)µ O(s)µΦ(r)
+
∑
(pq)
∆(mpq)Φ
(p)†O(q)µ O(s)µΦ(r)
)}
, (59)
where
O(m)µ =


c2WZ
(m)
µ +s2WA
(m)
µ
2cW
W (m)+µ√
2
W (m)−µ√
2
−Z
(m)
µ
2cW

 . (60)
In the above expression, D
(0)
µ is the covariant derivative of the electroweak group in the fundamental representation.
Notice that D
(0)
µ = ∂µ − igO(0)µ , with O(0)µ given by the expression that defines O(m)µ with the interchange of (m) by
(0). The first term of LEWv-s,HK corresponds to the standard Higgs kinetic term.
Both the LEWv-s,YM and the LEWv-s,HK Lagrangians contribute to the mass spectrum of the KK excitations of the
electroweak gauge bosons, the former at the compactification scale and the later at the Fermi’s scale. The terms that
induce the mass spectrum are
LEWv-s,mass =
∑
(m)
(
g2Φ
(0)†
0 O(m)µ O(m)µΦ(0)0
+m2(m)Tr
(
W (m)µ W
(m)µ
)
+
1
2
m2(m)B
(m)
µ B
(m)µ
)
, (61)
where Φ
(0)†
0 = (0, v/
√
2). This expression leads to squared masses m2
W (m)
= m2(m) +m
2
W (0)
, m2
Z(m)
= m2(m) +m
2
Z(0)
,
and m2
A(m)
= m2(m) for the KK excitations of the electroweak gauge bosons W
(m)±
µ , Z
(m)
µ , and A
(m)
µ , respectively.
Notice that the vector excitations share the mass of their scalar counterparts. In particular, it is the SM EHM the
one which endows with the mass mW (0) (resp. mZ(0)) to the total mass of the vector excitations W
(m)±
µ (resp. Z
(m)
µ ).
It is worth showing the couplings of the Higgs boson to pairs of W and Z KK excitations. These couplings, which
emerge from the g2Φ(0)†O(m)µ O(m)µΦ(0) term, are given by
LEWH(0)V (m)V (m) = g mW (0)H(0)
∑
(m)
(
W (m)−µ W
(m)+µ +
1
2c2W
Z(m)µ Z
(m)µ
)
, (62)
LEWH(0)H(0)V (m)V (m) =
g2
4
H(0)H(0)
∑
(m)
(
W (m)−µ W
(m)+µ +
1
2c2W
Z(m)µ Z
(m)µ
)
. (63)
These expressions show us that the Higgs boson couples to W and Z excitations just in the same way that it couples
to the corresponding standard fields. In particular, the fact that the trilinear coupling is proportional to mW (0)
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guarantees the decoupling of new-physics effects.
The Lagrangian LEWv-s, boson also induces a bilinear mixing of the form:
LEWB-M =
∑
(m)
{
p
(m)
ν¯
[
W (m)−µ ∂
µW
(m)+
ν¯ +W
(m)+
µ ∂
µW
(m)−
ν¯
+Z(m)µ ∂
µZ
(m)
ν¯ +A
(m)
µ ∂
µA
(m)
ν¯
]
(64)
+ig
[
Φ
(0)†
0 O(m)†µ
(
∂µΦ
(m)
G
)
−
(
∂µΦ
(m)
G
)†
O(m)µ Φ(0)0
]}
. (65)
This term behaves as the second term in the scalar-vector sector of the QCD Yang-Mills Lagrangian, Eq. (14): only
unphysical massless KK scalars couple to the W
(m)±
µ , Z
(m)
µ , and A
(m)
µ gauge fields. It turns out that the whole LEWB-M
vanishes in the unitary gauge. This is analogous to what happens in the EHM. Alternatively, one can remove these
mixes via a surface term by introducing a linear [97–99] or nonlinear [95, 100] Rξ-gauge.
Vector-vector sector LEWv-v .
We conclude the analysis of the structure of LEWeff, boson with the term LEWv-v , which comprises pure-vector interactions
. This sector can be conveniently divided into two parts as follows:
LEWv-v := L(0,KK)v-v + L(KK)v-v , (66)
where
L(0,KK)v-v = −
1
4
(
W(0) iµν W(0) i µν +B(0)µν B(0)µν
)
, (67)
L(KK)v-v = −
1
4
∑
(m)
(
W(m) iµν W(m) i µν +B(m)µν B(m)µν
)
. (68)
In terms of (W
(0)±
µ , Z
(0)
µ , A
(0)
µ ,W
(m)±
µ , Z
(m)
µ , A
(m)
µ ) (see Eqs. (31) and (32)), the Lagrangian (67) becomes
L(0,KK)V V = −
1
2
Wˆ(0)−µν Wˆ(0)+µν −
1
4
(
Wˆ(0)3µν Wˆ(0)3µν +B(0)µν B(0)µν
)
, (69)
with
Wˆ(0)+µν = Wˆ (0)+µν + ig
∑
(m)
(
W (m)+µ W
(m)3
ν −W (m)+ν W (m)3µ
)
, (70)
Wˆ(0)3µν = Wˆ (0)3µν + ig
∑
(m)
(
W (m)−µ W
(m)+
ν −W (m)+µ W (m)−ν
)
. (71)
In these expressions,
Wˆ (0)+µν = W
(0)+
µν + ig
(
W (0)+µ W
(0)3
ν −W (0)+ν W (0)3µ
)
, (72)
Wˆ (0)3µν = W
(0)3
µν + ig
(
W (0)−µ W
(0)+
ν −W (0)+µ W (0)−ν
)
, (73)
and
W (0)±µν = ∂µW
(0)±
ν − ∂νW (0)±µ , W (m)±µν = ∂µW (m)±ν − ∂νW (m)±µ , (74a)
W (0)3µν = ∂µW
(0)3
ν − ∂νW (0)3µ , W (m)3µν = ∂µW (m)3ν − ∂νW (m)3µ . (74b)
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On the other hand, the L(KK)v-v term can be written as follows:
L(KK)v-v = −
1
2
Wˆ(m)−µν Wˆ(m)+µν −
1
4
Wˆ(m)3µν Wˆ(m)3µν −
1
4
B(m)µν B
(m)µν , (75)
where
Wˆ(m)+µν = Wˆ (m)+µν − ig
∑
(rs)
∆(mrs)
(
W (r)3µ W
(s)+
ν −W (s)3ν W (r)+µ
)
, (76)
Wˆ(m)3µν = Wˆ (m)3µν − ig
∑
(rs)
∆(mrs)
(
W (r)+µ W
(s)−
ν −W (s)+ν W (r)−µ
)
, (77)
with
Wˆ (m)+µν = W
(m)+
µν − ig
(
W (0)3µ W
(m)+
ν −W (0)3ν W (m)+µ
+W (m)3µ W
(0)+
ν −W (m)3ν W (0)+µ
)
, (78)
Wˆ (m)3µν = W
(m)3
µν − ig
(
W (0)+µ W
(m)−
ν −W (0)+ν W (m)−µ
+W (m)+µ W
(0)−
ν −W (m)+ν W (0)−µ
)
. (79)
From the above expressions, any Feynman rule can be obtained.
THE FERMIONIC SECTOR
Before presenting the Currents and Yukawa sectors, it is necessary to discuss the spinor representation of the
Lorentz group SO(1, 3+n). We assume that n is even, so chirality exists in this flat spacetime. Then, there exist 4+n
matrices ΓM of dimension 2
4+n
2 × 2 4+n2 , which transform as 1-tensors under SO(1, 3 + n) and satisfy the Clifford’s
algebra
{ΓM , ΓN} = 2gMN . (80)
The generators of this representation are defined as
SMN =
i
4
[
ΓM , ΓN
]
. (81)
Since the space has even dimension, there exists an additional matrix given by
Γ5+n = i
2+n
2 Γ0 · · ·Γ3Γ5 · · ·Γ4+n , (82)
which transforms as a 0-tensor under SO(1, 3+ n). Then, one can define the left-handed and right-handed projectors
P∓ = (1∓ Γ5+n)/2.
Since the compactification procedure involves a canonical map from a set of fields, which are covariant objects of
the SO(1, 3+n) group, to another set of fields, which are covariant objects of the standard SO(1, 3) group, we need to
introduce a particular representation of the ΓM matrices that allows us to decompose the spinors Ψ(x, x¯) of SO(1, 3+n)
into spinors ψ(x, x¯) of SO(1, 3). In other words, we need to find a representation for the ΓM matrices in which the
six generators Sµν of SO(1, 3+n) adopt a block-diagonal form, with each block being of size 4× 4. For concreteness,
we demand the 2
n
2 blocks to coincide with the standard generators of SO(1, 3) given by Sµν4 = (i/4)[γ
µ, γν ], with γµ
denoting the standard Dirac’s matrices. It is easy to see that Γµ block matrices with Dirac’s matrices γµ on their
block-diagonal satisfy this requirement, that is, we define these four matrices as follows:
Γµab = δabγ
µ , (83)
where the indices a, b run from 1 to 2
n
2 . In other words, the block-components of the Γµ matrices are the 4× 4 null
matrix (off the diagonal) and the 4× 4 γµ matrices (on the diagonal). To complete the Clifford’s algebra, we need to
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define the remainder n Γµ¯ matrices, which must also be made of covariant objects of SO(1, 3). Since these matrices
do not have Lorentz indices, they must be constructed out of the common γ5 Dirac matrix. These n matrices not
only must serve to complete the Clifford’s algebra given by Eq.(80), but also they must satisfy the Clifford’s algebra
of the orthogonal group SO(n) ⊂ SO(1, 4 + n), given by
{iΓµ¯, iΓν¯} = 2δµ¯ν¯ . (84)
A set of matrices that satisfy all the above requirements are of the form
Γµ¯ab = Λ
µ¯
abγ
5 , (85)
where half of the total set of matrices Λµ¯, of dimension 2
n
2 × 2n2 , have components that can be either zeros or ±1,
whereas the other half has entries that are either zeros or ±i. In fact, those matrices Γµ¯ with µ¯ odd are real and
antisymmetric, and those with µ¯ even are purely imaginary and symmetric (see ). The Γ5+n matrix, which is also
constructed out of γ5, is
Γ5+nab = (−1)1+aδabγ5 . (86)
Thus, in this representation, the P∓ projectors are
P− = diag(PL, PR, · · · , PL, PR) , (87a)
P+ = diag(PR, PL, · · · , PR, PL) , (87b)
where PL = (1 − γ5)/2 and PR = (1 + γ5)/2. In addition, the SO(1, 3 + n) spinors Ψ(x, x¯) are made of 2n2 spinors
ψ(x, x¯) of the standard group SO(1, 3), as follows:
Ψ−(x, x¯) =


ψL(1)
ψR(2)
...
ψ
L(2
n
2 −1)
ψ
R(2
n
2 )


(x, x¯) , Ψ+(x, x¯) =


ψR(1)
ψL(2)
...
ψ
R(2
n
2 −1)
ψ
L(2
n
2 )


(x, x¯) , (88)
where ψL(a) and ψR(a) stand for left-handed and right-handed spinors of SO(1, 3).
At the level of the groups SO(1, 3 + n) and GSM(Md), right-handed singlets of SUL(2,Md) will be denoted by
eˆ+(x, x¯) (charged lepton), dˆ+(x, x¯) (quark of down type), and uˆ+(x, x¯) (quark of up type). In this notation, the hat
stands for a spinor of SO(1, 3+n). Similarly, lepton or quark left-handed doublets of SUL(2,Md) will be denoted by
Lˆ−(x, x¯) =
(
νˆ−
eˆ−
)
(x, x¯) , Qˆ−(x, x¯) =
(
uˆ−
dˆ−
)
(x, x¯) . (89)
The Yukawa sector
We now proceed to discuss the Yukawa sector. We propose a Yukawa Lagrangian, governed by the extended groups
ISO(1, 3 + n) and GSM(Md), as follows:
LY(4+n)(x, x¯) = −Y ℓ(4+n)ij ¯ˆLi−(x, x¯)Φ(x, x¯)eˆj+(x, x¯) + H.c.
−Y d
(4+n)ij
¯ˆ
Qi−(x, x¯)Φ(x, x¯)dˆj+(x, x¯) + H.c.
−Y u
(4+n)ij
¯ˆ
Qi−(x, x¯)Φ˜(x, x¯)uˆj+(x, x¯) + H.c. , (90)
where i and j represent flavor indices. Notice that, at this level, the Yukawa matrices have canonical dimension equal
to −n2 , whereas fermion and scalar fields have dimension n+32 and n+22 , respectively. Hereinafter, we will adopt the
following notation: indices a, b, · · · will run from 1 to 2n2 , indices labeled with a hat, aˆ, bˆ, · · · will run only on even
integers 2, 4, · · · , 2n2 , and indices labeled with a bar, a¯, b¯, · · · will run only on odd integers 1, 3, · · · , 2n2 − 1. Also, as
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in the case of flavor indices, an implicit sum on repeated indices of these three types will be assumed.
Once the point transformation that maps spinors of SO(1, 3 + n) into spinors of SO(1, 3) is carried out, the above
Lagrangian becomes
LY(4+n)(x, x¯) = LYℓ(4+n)(x, x¯) + LYq(4+n)(x, x¯) , (91)
where
LYℓ(4+n)(x, x¯) = −Y ℓ(4+n)ij
[
L¯iL(a¯)(x, x¯)Φ(x, x¯)ejR(a¯)(x, x¯)
+L¯iR(aˆ)(x, x¯)Φ(x, x¯)ejL(aˆ)(x, x¯)
]
+H. c. , (92)
LYq(4+n)(x, x¯) = −Y d(4+n)ij
[
Q¯iL(a¯)(x, x¯)Φ(x, x¯)djR(a¯)(x, x¯)
+Q¯iR(aˆ)(x, x¯)Φ(x, x¯)djL(aˆ)(x, x¯)
]
+H. c.
−Y u
(4+n)ij
[
Q¯iL(a¯)(x, x¯)Φ˜(x, x¯)ujR(a¯)(x, x¯)
+Q¯iR(aˆ)(x, x¯)Φ˜(x, x¯)ujL(aˆ)(x, x¯)
]
+H. c. (93)
We now assume that the different left-handed and right-handed singlets, f(x, x¯), and doublets, F (x, x¯), of the elec-
troweak group, are periodic functions with respect to the compact coordinates. In order to reproduce the SM
Lagrangian in the limit of a very small size of the compact manifold, a definite parity for the different spinor fields
appearing in these Lagrangians must be assumed. This means that the assumed parity pattern must lead to a mass
spectrum consistent with the decoupling theorem. A parity pattern that leads to an admissible mass spectrum is the
following: the doublets FiL(a¯) and singlets fiR(a¯) are assumed to be even, whereas the doublets FiR(aˆ) and singlets
fiL(aˆ) are assumed to be odd, that is,
FiL(1)(x, x¯) = f
(0)
E F
(0)
iL(1)(x) +
∑
(m)
f
(m)
E (p¯ · x¯)F (m)iL(1)(x), (94a)
FiR(aˆ)(x, x¯) =
∑
(m)
f
(m)
O (p¯ · x¯)F (m)iR(aˆ)(x), (94b)
FiL(a¯)(x, x¯) =
∑
(m)
f
(m)
E (p¯ · x¯)F (m)iL(a¯)(x), a¯ ≥ 3 , (94c)
fiR(1)(x, x¯) = f
(0)
E f
(0)
iR(1)(x) +
∑
(m)
f
(m)
E (p¯ · x¯)f (m)iR(1)(x) (95a)
fiL(aˆ)(x, x¯) =
∑
(m)
f
(m)
O (p¯ · x¯)f (m)iL(aˆ)(x), (95b)
fiR(a¯)(x, x¯) =
∑
(m)
f
(m)
E (p¯ · x¯)f (m)iR(a¯), a¯ ≥ 3 . (95c)
This map, which can be elevated into a canonical transformation at the phase-space level [96], causes, together with the
integration of the compact extra dimensions at the action level, the hiding of the extended {ISO(1, 3+n), GSM(Md)}
symmetries into the standard {ISO(1, 3), GSM(M4)} groups. Once the compact coordinates are integrated out, one
obtains
LYEDSM = LYℓEDSM + LYqEDSM , (96)
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where
LYℓEDSM(x) = −Y ℓij
{
L¯
(0)
iL(1)Φ
(0)e
(0)
jR(1) +
∑
(m)
[(
L¯
(m)
iL(a¯)e
(m)
jR(a¯) + L¯
(m)
iR(aˆ)e
(m)
jL(aˆ)
)
Φ(0)
+
(
L¯
(0)
iL(1)e
(m)
jR(1) + L¯
(m)
iL(1)e
(0)
jR(1)
)
Φ(m)
+
∑
(sr)
(
∆(msr)L¯
(m)
iL(a¯)e
(s)
jR(a¯) +∆
′
(msr)L¯
(m)
iR(aˆ)e
(s)
jL(aˆ)
)
Φ(r)
]}
+H. c. , (97)
and
LYqEDSM(x) = −Y dij
{
Q¯
(0)
iL(1)Φ
(0)d
(0)
jR(1) +
∑
(m)
[(
Q¯
(m)
iL(a¯)d
(m)
jR(a¯) + Q¯
(m)
iR(aˆ)d
(m)
jL(aˆ)
)
Φ(0)
+
(
Q¯
(0)
iL(1)d
(m)
jR(1) + Q¯
(m)
iL(1)d
(0)
jR(1)
)
Φ(m)
+
∑
(sr)
(
∆(msr)Q¯
(m)
iL(a¯)d
(s)
jR(a¯) +∆
′
(msr)Q¯
(m)
iR(aˆ)d
(s)
jL(aˆ)
)
Φ(r)
]}
+H.c.
−Y uij
{
Q¯
(0)
iL(1)Φ˜
(0)u
(0)
jR(1) +
∑
(m)
[(
Q¯
(m)
iL(a¯)u
(m)
jR(a¯) + Q¯
(m)
iR(aˆ)u
(m)
jL(aˆ)
)
Φ˜(0)
+
(
Q¯
(0)
iL(1)u
(m)
jR(1) + Q¯
(m)
iL(1)u
(0)
jR(1)
)
Φ˜(m)
+
∑
(sr)
(
∆(msr)Q¯
(m)
iL(a¯)u
(s)
jR(a¯) +∆
′
(msr)Q¯
(m)
iR(aˆ)u
(s)
jL(aˆ)
)
Φ˜(r)
]}
+H. c. (98)
In the above expressions,
Y ℓ,d,u =
Y ℓ,d,u
(4+n)√
n∏
α=1
(2πRα)
. (99)
The Currents sector
The Lorentz and gauge structure of the Currents sector LC4+n(x, x¯) is dictated by the extended groups SO(1, 3+n)
and GSM(Md), so that the (4 + n)-dimensional counterpart of the SM version is assumed to be
LC(4+n)(x, x¯) = i ¯ˆLi−ΓMDM Lˆi− + i¯ˆei+ΓMDM eˆi+
+ i
¯ˆ
Qi−Γ
MDM Qˆi− + i¯ˆui+ΓMDM uˆi+ + i
¯ˆ
di+Γ
MDM dˆi+ , (100)
where DM is the covariant derivative associated with the extended gauge group; it is given by
DM = ∂M − igs(4+n)λ
a
2
GaM − ig(4+n) σ
i
2 W iM − ig′(4+n) Y2 BM . (101)
Once performed the canonical map from SO(1, 3 + n) to SO(1, 3), one obtains
LC(4+n)(x, x¯) = LVC(4+n)(x, x¯) + LSC(4+n)(x, x¯) , (102)
where
LVC(4+n)(x, x¯) = iL¯iL(a¯)γµDµLiL(a¯) + ie¯iR(a¯)γµDµeiR(a¯)
+ iL¯iR(aˆ)γ
µDµLiR(aˆ) + ie¯iL(aˆ)γ
µDµeiL(aˆ)
+ iQ¯iL(a¯)γ
µDµQiL(a¯)
+id¯iR(a¯)γ
µDµdiR(a¯) + iu¯iR(a¯)γ
µDµuiR(a¯)
+ iQ¯iR(aˆ)γ
µDµQiR(aˆ)
+id¯iL(aˆ)γ
µDµdiL(aˆ) + iu¯iL(aˆ)γ
µDµuiL(aˆ) , (103)
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and
LSC(4+n)(x, x¯) = iΛµ¯a¯ bˆ
(
L¯iL(a¯)Dµ¯LiR(bˆ) − e¯iR(a¯)Dµ¯eiL(bˆ)
)
− iΛµ¯
bˆ a¯
(
L¯iR(bˆ)Dµ¯LiL(a¯) − e¯iL(bˆ)Dµ¯eiR(a¯)
)
+ iΛµ¯
a¯ bˆ
(
Q¯iL(a¯)Dµ¯QiR(bˆ)
−d¯iR(a¯)Dµ¯diL(bˆ) − u¯iR(a¯)Dµ¯uiL(bˆ)
)
− iΛµ¯
bˆ a¯
(
Q¯iR(bˆ)Dµ¯QiL(a¯)
−d¯iL(bˆ)Dµ¯diR(a¯) − u¯iL(bˆ)Dµ¯uiR(a¯)
)
. (104)
Then, after integrating out the compact coordinates, one obtains
LCEDSM = LVCEDSM + LSCEDSM , (105)
where
LVCEDSM(x) = i
∑
F=L,Q
{
F¯
(0)
iL(1)γ
µ
(
DµFiL(1)
)(0)
+
∑
(m)
[
F¯
(m)
iL(a¯)γ
µ
(
DµFiL(a¯)
)(m)
+ F¯
(m)
iR(aˆ)γ
µ
(
DµFiR(aˆ)
)(m) ]}
+ i
∑
f=e,u,d
{
f
(0)
iR(1)γ
µ
(
DµfiR(1)
)(0)
+
∑
(m)
[
f¯
(m)
iR(a¯)γ
µ
(
DµfiR(a¯)
)(m)
+ f¯
(m)
iL(aˆ)γ
µ
(
DµfiL(aˆ)
)(m) ]}
,
(106)
and
LSCEDSM(x) = i
∑
F=L,Q
{
Λµ¯
1 bˆ
F¯
(0)
iL(1)
(
Dµ¯FiR(bˆ)
)(0)
+
∑
(m)
[
Λµ¯
a¯ bˆ
F¯
(m)
iL(a¯)
(
Dµ¯FiR(bˆ)
)(m) − Λµ¯
bˆ a¯
F¯
(m)
iR(bˆ)
(
Dµ¯FiL(a¯)
)(m) ]}
− i
∑
f=e,u,d
{
Λµ¯
1 bˆ
f¯
(0)
iR(1)
(
Dµ¯fiL(bˆ)
)(0)
+
∑
(m)
[
Λµ¯
a¯ bˆ
f¯
(m)
iR(a¯)
(
Dµ¯fiL(bˆ)
)(m) − Λµ¯
bˆ a¯
f¯
(m)
iL(bˆ)
(
Dµ¯fiR(a¯)
)(m) ]}
.
(107)
The different covariant objects appearing in these expressions are given in .
Mass spectrum
The mass spectrum of the fermionic sector emerges from both the Yukawa and the Currents sectors. After spon-
taneous symmetry breaking, the zero modes and the KK excitations of quarks and leptons are endowed with mass
terms that are proportional to the Fermi scale. The diagonalization of the standard sector allows us to pass from the
gauge basis to the flavor basis, which is achieved through the well-known unitary transformations
N
(0)
L = U
l
LN
′(0)
L , (108)
E
(0)
L = U
l
LE
′(0)
L , E
(0)
R = U
l
RE
′(0)
R , (109)
U
(0)
L = U
u
LU
′(0)
L , U
(0)
R = U
u
RU
′(0)
R , (110)
D
(0)
L = U
d
LD
′(0)
L , D
(0)
R = U
d
RD
′(0)
R , (111)
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where NL, EL,R, UL,R and DL,R are vectors in the flavor space. The corresponding transformation laws for the KK
excitations arise as a consequence of the fact that this flavor diagonalization commutes with the compactification,
that is, one can first carry out the flavor space diagonalization and then implement compactification, or the other way
around. In other words, we assume the flavor space transformation to be x¯-independent. This means that the Nˆ−,
Eˆ−,+, Uˆ−,+ and Dˆ−,+ flavor vectors must satisfy the same transformation relations given above for the zero modes.
From this fact we have, for the KK excitations of quarks, that
U
(m)
L¯
= UuLU
′(m)
L¯
, U
(m)
R¯
= UuRU
′(m)
R¯
, (112)
U
(m)
Rˆ
= UuLU
′(m)
Rˆ
, U
(m)
Lˆ
= UuRU
′(m)
Lˆ
, (113)
D
(m)
L¯
= UdLD
′(m)
L¯
, D
(m)
R¯
= UdRD
′(m)
R¯
, (114)
D
(m)
Rˆ
= UdLD
′(m)
Rˆ
, D
(m)
Lˆ
= UdRD
′(m)
Lˆ
, (115)
where we have introduced the notation
U
(m)
L¯
=


U
(m)
L(1)
...
U
(m)
L(2
n
2 −1)

 , U (m)Lˆ =


U
(m)
L(2)
...
U
(m)
L(2
n
2 )

 . (116)
Similar expressions are used for all the other quantities involved. In the lepton sector, the corresponding unitary
transformations are given by
N
(m)
L¯
= U lLN
′(m)
L¯
, (117)
N
(m)
Rˆ
= U lLN
′(m)
Rˆ
, (118)
E
(m)
L¯
= U lLE
′(m)
L¯
, E
(m)
R¯
= U lRE
′(m)
R¯
, (119)
E
(m)
Rˆ
= U lLE
′(m)
Rˆ
, E
(m)
Lˆ
= U lRE
′(m)
Lˆ
. (120)
The especial way in which neutrinos are transformed arises as consequence of the fact that there are no right-handed
neutrinos νˆ+(x, x¯). Notice that we can define vectors of dimension 2
n
2 as follows:
F
(m)
V L,V R =


F
(m)
Lˆ,Rˆ
F
(m)
L¯,R¯

 , (121)
where F = U,D,E. Using this notation, we can write the mass term for the KK excitations as
LKKMass = −
∑
F=U,D,E,N
∑
(m)
F¯
′(m)
V L MFF
′(m)
V R +H. c. , (122)
where
MF =

 MF (0) iΛ(m)
iΛ†(m) MF (0)

 , F = U,D,E , (123)
and
MN =

 0 0
iΛ†(m) 0

 . (124)
In these expressions Λ(m) = p
(m)
µ¯ Θ
µ¯ is a matrix of dimension (2
n
2 /2)× (2n2 /2), Θµ¯ is defined in , and the MF (0) terms
are the standard diagonal flavor matrices of dimension 3× 3. For instance, MU(0) = diag(mu(0) ,mc(0) ,mt(0)). Here, it
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is understood that MF (0) and Λ(m) = p
(m)
µ¯ Θ
µ¯ are multiplied by the identity matrices of dimension (2
n
2 /2)× (2n2 /2),
denoted by 1˜, and 3×3, respectively. Notice that the contributions to (122) that are proportional to MF (0) arise from
the Yukawa sector, whereas those contributions which are proportional to Λ(m) emerge from the Currents sector. It
should be noted that while all massive fermions are characterized by 2
n
2 fermionic towers of KK excitations, a neutrino
is described only by 2
n
2 /2 towers. This is due to the absence of right-handed spinors νˆ+ in the theory governed by
the extended groups {ISO(1, 3 + n), GSM (Md)}.
The diagonalization of the mass matrices in Eq. (122) is simple. In fact, notice that
MFM
†
F =

 M2F (m) 0
0 M2
F (m)

 , F = U,D,E , (125)
where M2
F (m)
=M2
F (0)
+m2(m). In the case of the neutrino mass matrix, we have
MNM
†
N =

 0 0
0 M2
N(m)

 , (126)
where M2
N(m)
= m2(m). In the above expressions we have used the Clifford’s algebra satisfied by the Γ
µ¯ matrices to
show that Λ(m)Λ
†
(m) = Λ
†
(m)Λ(m) = m
2
(m). From these results, it is immediate to conclude that the mass matrices MF
(F = U,D,E) are diagonalized by the matrices
V
(m)
F =
1
MF (m)
M †F
=
MF (0)
MF (m)
− iΩ
(m)
MF (m)
, (127)
where
Ω(m) =

 0 Λ(m)
Λ†(m) 0

 . (128)
As far as the mass matrix of neutrinos is concerned, it is diagonalized by the matrix
V
(m)
N = −
iΩ(m)
MN(m)
. (129)
There are two possible paths to go from the flavor basis to the KK-mass basis. One way consists in performing the
transformations
F
′(m)
V L = F
′′(m)
V L , F
′(m)
V R = V
(m)
F F
′′(m)
V R , (130)
N
′(m)
V L = N
′′(m)
V L , N
′(m)
V R = V
(m)
N N
′′(m)
V R , (131)
where the subindex V stands for a vector in the space of dimension 2
n
2 in which the V
(m)
F and V
(m)
N unitary matrices
are defined. Each component of these vectors corresponds to a vector of the flavor space. The other possible way
consists in making the transformation
F
′(m)
V L = V
(m) †
F F
′′(m)
V L , F
′(m)
V R = F
′′(m)
V R , (132)
N
′(m)
V L = V
(m) †
N N
′′(m)
V L , N
′(m)
V R = N
′′(m)
V R . (133)
However, these two types of transformations are equivalent because one can go from one to another through an unitary
transformation given by the matrices V
(m)
F and V
(m)
N . We will adopt the first type of transformation. In the KK-mass
basis,
F
′′(m)
V L,R =


F
′′(m)
L,R(1)
F
′′(m)
L,R(2)
...
F
′′(m)
L,R(2
n
2 )

 , F = U,D,E ,
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so that each flavor has associated 2
n
2 towers of KK spinor excitations. Concerning neutrinos, there is a difference due
to the absence of right-handed zero modes. In this case,
N
′′(m)
V L,R =


0
...
0
N
′′(m)
L,R(1)
N
′′(m)
L,R(2)
...
N
′′(m)
L,R( 2
n
2
2 )
,


(135)
so that each neutrino flavor has associated 2
n
2 /2 towers of KK spinor excitations. To write, in a compact way, the
diverse interactions that emerge from this sector, it will be convenient to use the following notation for the standard
fermions:
F
′′(0)
V L,R =


0
...
0
F
(0)
L,R
...
0


, N
′′(0)
V L =


0
...
0
N
(0)
L
...
0


, (136)
where F
(0)
L,R and N
(0)
L appear as the
2
n
2
2 + 1 components of the F
′′(0)
V L,R and N
′′(0)
V L vectors, respectively.
It is important to stress that, for a given flavor, there is no way of distinguishing one tower from another, as they
have the same mass, which is given by
m2f(m) = m
2
(m) +m
2
f(0) , f = q, l, νl . (137)
Weak currents
The weak interactions in this sector of the model are characterized by charged and neutral vector and scalar currents
mediated by the families of fields {W (0)±µ ,W (m)±µ ,W (m)±n¯ ,W (m)±n } and {Z(0)µ , Z(m)µ , Z(m)n¯ , Z(m)n }. From now on, the
double-prime symbol on the fermion fields will be omitted.
The vector charged currents can be written as
LVCC = W (0)+µ
[
J
(0)µ
W +
∑
(m)
(
J (m)(m)µWL + J
(m)(m)µ
WR
)]
+
∑
(m)
W (m)+µ
[
J (0)(m)µW +
∑
(r)(s)
J (r)(s)(m)µW
]
+H. c. , (138)
where
J
(0)µ
W =
g√
2
(
N¯ (0)γµPLE
(0) + U¯ (0)KγµPLD
(0)
)
, (139a)
is the standard charged current. The gauge boson W
(0)+
µ also couples to currents involving only KK excitations.
These currents are given by
J (m)(m)µWL =
g√
2
(
N¯
(m)
V γ
µPLE
(m)
V +
1
2
U¯
(m)
V Kγ
µPLD
(m)
V
)
, (139b)
J (m)(m)µWR =
g√
2
(
N¯
(m)
V γ
µPRV
(m)†
N V
(m)
E E
(m)
V
+U¯
(m)
V γ
µPRVˆ
(m)†
U KVˆ
(m)
D D
(m)
V
)
, (139c)
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where we have divided the transformation matrix V
(m)
F into two parts: V
(m)
F = Vˆ
(m)
F + V¯
(m)
F (F = E,D,U), with
Vˆ
(m)
F =
1
MF (m)
(
MF (0) −iΛ(m)
0 0
)
, V¯
(m)
F =
1
MF (m)
(
0 0
−iΛ†(m) MF (0)
)
. (140)
The KK excitations W
(m)+
µ couple to the following currents:
J (0)(m)µW =
g√
2
[
N¯
(0)
V γ
µPLE
(m)
V + N¯
(m)
V γ
µPLE
(0)
V
+ U¯
(0)
V Kγ
µPLD
(m)
V + U¯
(m)
V Kγ
µPLD
(0)
V
]
. (141a)
Notice the absence of the V
(m)
F matrix in this case. The currents involving only combinations of KK excitations are
given by
J (r)(s)(m)µW =
g√
2
{
N¯
(r)
V γ
µ
[
∆′(rsm)V
(r)†
N V
(s)
E PR +∆(rsm)PL
]
E
(s)
V
+ U¯
(r)
V γ
µ
[
∆′(rsm)Vˆ
(r)†
U KVˆ
(s)
D PR +
1
2
∆(rsm)KPL
]
D
(s)
V
}
. (141b)
We now turn to describe the scalar currents. In all cases we have implemented the unitary transformations (and
their associated useful relations) that allow us to pass from gauge fields to mass eigenstate fields (see Ref. [92] and
Eqs. (35),(36),(38), (39), (40),(41),(42), (43),(44)). The scalar charged currents can be organized as follows:
LSCC = LGW + LWG + LWn¯ + LWn . (142)
The currents mediated by the pseudo-Goldstone bosons G
(0)±
W and W
(m)±
G are given by
LGW = G(0)+W
[
J
(0)
GW
+
∑
(m)
J (m)(m)GW
]
+H. c. , (143)
LWG =
∑
(m)
W
(m)+
G
[
J (0)(m)+WG +
∑
(rs)
J (r)(s)(m)+WG
]
+H. c. . (144)
The charged currents mediated by the physical scalars W
(m)±
n¯ (n¯ = 1, · · · , n− 1) and W (m)±n are given by
LWn¯ =
n−1∑
n¯=1
∑
(m)
W
(m)+
n¯
[
J (0)(m)Wn¯ +
∑
(rs)
J (r)(s)(m)Wn¯
]
+H. c. , (145)
LWn =
∑
(m)
W (m)+n
[
J (0)(m)Wn +
∑
(rs)
J (r)(s)(m)Wn
]
+H. c. (146)
Notice that the currents mediated by the W
(m)±
n scalar differ from those associated with the n − 1 scalars W (m)±n¯ ,
which is a consequence of the fact that the couplings involving the former field come from both the currents and
Yukawa sectors, whereas the couplings of the latter ones emerge only from the currents sector. The various currents
appearing in the above expressions are given in .
We now proceed to describe the neutral currents mediated by the family of fields {Z(0)µ , Z(m)µ , Z(m)n¯ , Z(m)n }, associated
with the SM Z gauge boson. The vector currents are given by
LVNC = Z(0)µ
[
J
(0)µ
Z +
∑
(m)
J (m)(m)µZ
]
+
∑
(m)
Z(m)µ
[
J (0)(m)µZ +
∑
(rs)
J (r)(s)(m)µZ
]
. (147)
In this expression, J
(0)µ
Z is the standard current, which is given by
J
(0)µ
Z =
g
2cW
[
E¯(0)γµ
(
gEV − gEAγ5
)
E(0) + N¯ (0)γµPLN
(0)
+ D¯(0)γµ
(
gDV − gDAγ5
)
D(0) + U¯ (0)γµ
(
gUV − gUAγ5
)
U (0)
]
, (148)
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where we have introduced the following definitions:
gFV = t3L(F ) − 2s2WQF , gFA = t3L(F ), t3L(F ) =
{
1
2 , F = U,− 12 , F = E,D,
(149)
with QF the charge of the fermions F = E,D,U in units of the positron charge. It is convenient to express the
currents J (m)(m)µZ , in terms of its left-handed and right-handed components, as follows:
J (m)(m)µZ = J
(m)(m)µ
ZL + J
(m)(m)µ
ZR , (150)
where
J (m)(m)µZL =
g
2cW
[ ∑
F=E,D,U
gFV F¯
(m)
V γ
µPLF
(m)
V + N¯
(m)
V γ
µPLN
(m)
V
]
, (151a)
J (m)(m)µZR =
g
2cW
{ ∑
F=E,D,U
F¯
(m)
V γ
µPR
[
gF+Vˆ
(m)†
F Vˆ
(m)
F + g
F
−V¯
(m)†
F V¯
(m)
F
]
F
(m)
V
+ N¯
(m)
V γ
µPRN
(m)
V
}
, (151b)
with gF± = g
F
V ± gFA. Finally,
J (0)(m)µZ =
g
2cW
{ ∑
F=E,D,U
F¯
(0)
V γ
µ
[
gF−V
(m)
F PR + g
F
+PL
]
F
(m)
V + N¯
(0)
V γ
µPLN
(m)
V
}
+H. c. , (151c)
J (r)(s)(m)µZ =
g
2cW
{ ∑
F=E,D,U
F¯
(r)
V γ
µ
[(
∆′(rsm)g
F
+Vˆ
(r)†
F Vˆ
(s)
F +∆(rsm)g
F
−V¯
(r)†
F V¯
(s)
F
)
PR
+
1
2
(
∆′(rsm)g
F
− +∆(rsm)g
F
+
)
PL
]
F
(s)
V
+ N¯
(r)
V γ
µ
[
∆′(rsm)V
(r)†
N V
(s)
N PR +∆(rsm)PL
]
N
(s)
V
}
. (151d)
The scalar currents can be organized as
LSNC = LGZ + LZG + LZn¯ + LZn , (152)
where
LGZ = G(0)Z
[
J
(0)
GZ
+
∑
(m)
J (m)(m)GZ
]
, (153)
LZG =
∑
(m)
Z
(m)
G
[
J (0)(m)ZG +
∑
(rs)
J (r)(s)(m)ZG
]
, (154)
LZn¯ =
n−1∑
n¯=1
∑
(m)
Z
(m)
n¯
[
J (0)(m)Zn¯ +
∑
(rs)
J (r)(s)(m)Zn¯
]
, (155)
LZn =
∑
(m)
Z(m)n
[
J (0)(m)Zn +
∑
(rs)
J (r)(s)(m)Zn
]
. (156)
The various currents appearing in these expressions are given in .
QED currents
This section is devoted to discuss the currents involving the family of fields {A(0)µ , A(m)µ , A(m)n¯ , A(m)G }, associated
with the photon. The vector currents are given by
LVQEDC = A(0)µ
[
J
(0)µ
A
+
∑
(m)
J (m)(m)µA
]
+
∑
(m)
A(m)µ
[
J (0)(m)µA +
∑
(rs)
J (r)(s)(m)µA
]
, (157)
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where J
(0)µ
A is the standard electromagnetic current, which is given by
J
(0)µ
A = e
[
QEE¯
(0)γµE(0) +QDD¯
(0)γµD(0) +QU U¯
(0)γµU (0)
]
. (158a)
The currents which contain KK excitations are given by
J (m)(m)µA = e
∑
F=E,D,U
QF F¯
(m)
V γ
µF
(m)
V , (158b)
J (0)(m)µA = e
∑
F=E,D,U
QF F¯
(0)
V γ
µ
[
V
(m)
F PR + PL
]
F
(m)
V +H. c. , (158c)
J (r)(s)(m)µA = e
∑
F=E,D,U
QF F¯
(r)
V γ
µ
[(
∆′(rsm)Vˆ
(r)†
F Vˆ
(s)
F +∆(rsm)V¯
(r)†
F V¯
(s)
F
)
PR
+
1
2
(
∆′(rsm) +∆(rsm)
)
PL
]
F
(s)
V . (158d)
The scalar currents mediated by the pseudo-Goldstone boson A
(m)
G and the n− 1 physical scalars A(m)n¯ , are given
by
LSQEDC =
∑
(m)
{
A
(m)
G
[
J (0)(m)AG +
∑
(rs)
J (r)(s)(m)AG
]
(159)
+
n−1∑
n¯=1
A
(m)
n¯
[
J (0)(m)An¯ +
∑
(rs)
J (r)(s)(m)An¯
]}
, (160)
where the KK excited currents are
J (0)(m)AG = −e
∑
F=E,D,U
QF F¯
(0)
V Π
(m)
[
V
(m)
F PR − PL
]
F
(m)
V +H. c. , (161a)
J (0)(m)An¯ = −e
∑
F=E,D,U
QF F¯
(0)
V R(m)µ¯n¯ Πµ¯
[
V
(m)
F PR − PL
]
F
(m)
V +H. c. , (161b)
J (r)(s)(m)AG = −e
∑
F=E,D,U
QF F¯
(r)
V
[(
∆′(msr)Π
(m) −∆′(mrs)Π(m)†
)
V
(s)
F PR
+V
(r)†
F
(
∆′(mrs)Π
(m)† −∆′(msr)Π(m)
)
PL
]
F
(s)
V , (161c)
J (r)(s)(m)An¯ = −e
∑
F=E,D,U
QF F¯
(r)
V R(m)µ¯n¯
[(
∆′(msr)Π
µ¯ −∆′(mrs)Πµ¯†
)
V
(s)
F PR
+V
(r)†
F
(
∆′(mrs)Π
µ¯† −∆′(msr)Πµ¯
)
PL
]
F
(s)
V . (161d)
with
Πµ¯ =
(
0 0
Θµ¯ † 0
)
, Π(m) = Πµ¯Rµ¯n = 1
m(m)
(
0 0
Λ†(m) 0
)
. (162)
which arises after using some properties of the orthogonal rotation given in [92].
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QCD currents
In this part, we describe the strong currents associated with the family of gluon fields {G(0) aµ , G(m) aµ , G(m) an¯ , G(m) aG }.
The vector interactions are given by
LVQCDC = G(0) aµ
[
J
(0) a µ
G
+
∑
(m)
J (m)(m) aµG
]
+
∑
(m)
G(m) aµ
[
J (0)(m) aµG +
∑
(rs)
J (r)(s)(m) aµG
]
, (163)
where
Jµ aG = gs
[
D¯(0)γµ
λa
2
D(0) + U¯ (0)γµ
λa
2
U (0)
]
, (164a)
J (m)(m) aµG = gs
∑
F=D,U
F¯
(m)
V γ
µλ
a
2
F
(m)
V , (164b)
J (0)(m)a µG = gs
∑
F=D,U
F¯
(0)
V γ
µλ
a
2
[
V
(m)
F PR + PL
]
F
(m)
V +H. c. , (164c)
J (r)(s)(m) a µG = gs
∑
F=D,U
F¯
(r)
V γ
µλ
a
2
{[
∆′(rsm)Vˆ
(r)†
F Vˆ
(s)
F +∆(rsm)V¯
(r)†
F V¯
(s)
F
]
PR
+
1
2
(
∆′(rsm) +∆(rsm)
)
PL
}
F
(s)
V . (164d)
The scalar interactions are given by
LSQCDC =
∑
(m)
{
G
(m) a
G
[
J (0)(m) aGG +
∑
(rs)
J (r)(s)(m) aGG
]
+
n−1∑
n¯=1
G
(m) a
n¯
[
J (0)(m) aGn¯ +
∑
(rs)
J (r)(s)(m) aGn¯
]}
, (165)
where
J (0)(m) aGG = −gs
∑
F=D,U
F¯
(0)
V
λa
2
Π(m)
[
V
(m)
F PR − PL
]
F
(m)
V +H. c. , (166a)
J (0)(m)Gn¯ = −gs
∑
F=D,U
F¯
(0)
V
λa
2
R(m)µ¯n¯ Πµ¯
[
V
(m)
F PR − PL
]
F
(m)
V +H. c. , (166b)
J (r)(s)(m) aGG = −gs
∑
F=D,U
F¯
(r)
V
λa
2
[(
∆′(msr)Π
(m) −∆′(mrs)Π(m)†
)
V
(s)
F PR
+V
(r)†
F
(
∆′(mrs)Π
(m)† −∆′(msr)Π(m)
)
PL
]
F
(s)
V , (166c)
J (r)(s)(m) aGn¯ = −gs
∑
F=D,U
F¯
(r)
V
λa
2
R(m)µ¯n¯
[(
∆′(msr)Π
µ¯ −∆′(mrs)Πµ¯†
)
V
(s)
F PR
+V
(r)†
F
(
∆′(mrs)Π
µ¯† −∆′(msr)Πµ¯
)
PL
]
F
(s)
V . (166d)
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Higgs-fermion interactions
The couplings of the family of fields {H(0), H(m)}, associated with the Higgs boson, can be written as follows:
LHff = H(0)
[
J
(0)
H +
∑
(m)
J (m)(m)H
]
+
∑
(m)
H(m)
[
J (0)(m)H +
∑
(rs)
J (r)(s)(m)H
]
, (167)
where
J
(0)
H = −
g
2mW (0)
[
E¯
(0)
V ME(0)E
(0)
V + D¯
(0)
V MD(0)D
(0)
V + U¯
(0)
V MU(0)U
(0)
V
]
, (168a)
J (m)(m)H = −
g
2mW (0)
∑
F=E,D,U
F¯
(m)
V MF (0) V˜
(m)
F F
(m)
V , (168b)
J (0)(m)H = −
g
2mW (0)
∑
F=E,D,U
F¯
(0)
V MF (0)
[
V
(m)
F PR + PL
]
F
(m)
V +H. c. , (168c)
J (r)(s)(m)H = −
g
2mW (0)
∑
F=E,D,U
F¯
(r)
V MF (0)
{[
∆(rsm)V¯
(s)
F +∆
′
(rsm)Vˆ
(s)
F
]
PR
+
[
∆(rsm)V¯
(r)†
F +∆
′
(rsm)Vˆ
(r)†
F
]
PL
}
F
(s)
V . (168d)
In the above expressions,
V˜
(m)
F =
1
MF (m)
(
MF (0) −iΛ(m)γ5
−iΛ†(m)γ5 MF (0)
)
. (169)
CONCLUDING REMARKS AND SUMMARY
In this paper, we have proposed an effective theory for the SM that incorporates n flat compact dimensions.
Our starting point has been a field theory that is valid at energies far above the compactification scale R−1, which
respects the extended {ISO(1, 3+ n), G(Md)} symmetries. It is assumed that the size R of the extra dimensions are
so large compared with the distance scales to which this theory is valid that such extra dimensions can be practically
considered as infinite.
To describe the physical phenomena at energies of order of the compactification scale R−1, we resort to the notion
of hidden symmetry and to a mass-generating mechanism, in this case the Kaluza-Klein mass-generating mechanism.
In order to hide the {ISO(1, 3 + n), GSM(Md)} symmetries into the {ISO(1, 3), GSM(M4)} ones, two canonical
transformations were implemented. First, a canonical map was implemented in order to accommodate SO(1, 3 + n)
representations into SO(1, 3) representations. This map allows one to hide the SO(1, 3 + n) symmetry into the
SO(1, 3) one. Next, a second nontrivial canonical map was implemented in order to remove any manifest dynamical
role of the inhomogeneous ISO(n) group. Crucial to this map is to assume the existence of a set of orthonormal
functions {f (0), f (m)(x¯)} defined on the compact manifold. The presence of the constant function f (0), which may
be common to any compactification scheme, plays a central role in defining the connections and gauge parameters of
the standard gauge group GSM(M4). The main ideas behind the approach to extra flat dimensions followed here,
which have already been presented by some of us in the context of pure Yang-Mills theories in [91, 92], were extended
to include the Engler-Higgs mechanism.
The fact that the f (0) direction allows us to identify the connections of the standard gauge group, means that
any class of field with component along this direction does not receive mass at the R−1 scale. Only those fields
along the f (m)(x¯) directions are endowed with mass by the Kaluza-Klein mechanism. In order to recover the known
particle spectrum of the standard theory, the basis {f (0), f (m)(x¯)} was divided into two sub-bases: the basis of even
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functions, {f (0), f (m)E (x¯)}, and the basis of odd functions, {f (m)O (x¯)}. It was postulated that fields with standard
counterpart are necessarily even, while fields without standard counterpart are odd. This classification obeys the
physical requirement that new-physics effects decouple at R−1 ≫ v.
With results given in Refs. [91, 92] at hand, a comprehensive study of an extension of the SM to more than four
dimensions was presented. Starting from a straightforward extension of all the SM sectors to 4 + n dimensions,
an effective theory preserving the standard {ISO(1, 3), GSM(M4)} symmetries was derived. In the end, one has
an effective field theory in which each SM particle is described by a family of fields into which the original field is
unfolded. Our main results can be summarized as follows:
• In the effective theory, the Higgs boson is described by the family of fields {H(0), H(m)}, where H(0) is the SM field
and H(m) are its KK excitations, whose masses are given by m2
H(m)
= m2(m)+m
2
H(0)
. Here mH(0) is the physical mass
of the Higgs boson and m2(m) = p
(m)
µ¯ p
(m)
µ¯ . Here, p
(m)
µ¯ is the eigenvalue of the Pµ¯ generator of the translations group
T (n) to which the eigenfunctions f (m)(x¯) are associated. The m(m) mass is a gauge mass in the sense that it appears
in terms which are invariant under SGT, as it is required by the decoupling theorem.
• Massless gauge bosons, as gluons or the photon, are described by vector and scalar KK excitations. So, a gluon is
described by the family of fields {G(0)aµ , G(m)aµ , G(m)an¯ }, with G(m)an¯ representing n − 1 scalar fields. The photon is
described by a similar family of fields, {A(0)µ , A(m)µ , A(m)n¯ }. The masses of all KK excitations, vectorial or scalar, are
given by the p
(m)
µ¯ scale. On the other hand, it should be recalled that the vector field AaM of SO(1, 3 + n) is mapped
into the vector field Aµ and n scalar fields of SO(1, 3). However, it was shown that one of these scalar fields, which
is massless, can be removed from the theory through a specific NSGT, so it can be recognized as a pseudo-Goldstone
boson in this sense. In this way, the NSGT allow us not only to show that the vectorial KK excitations G
(m)a
µ or A
(m)
µ
are gauge fields, but to define unitary propagators for them as well.
• In contrast with the case of massless gauge bosons, theW and Z gauge bosons have associated, besides their vectorial
KK excitations, n scalar KK excitations, namely, {W (0)±µ , W (m)±µ , W (m)±n¯ , W (m)±n } and {Z(0)µ , Z(m)µ , Z(m)n¯ , Z(m)n }.
The masses of all KK excitations are given by m2
W (m)
= m2(m) + m
2
W (0)
and m2
Z(m)
= m2(m) + m
2
Z(0)
, respectively.
In this case, the presence of the scalar excitations W
(m)±
n and Z
(m)
n is due to the longitudinal components of these
gauge bosons. In this case, there is also a massless scalar excitation for each gauge field (denoted by W
(m)±
G and
Z
(m)
G ), which can be identified as a pseudo-Goldstone boson, as it can be removed from the theory via a NSGT.
The pairs of scalar excitations (W
(m)±
n ,W
(m)±
G ) and (Z
(m)
n , Z
(m)
G ) emerge from a mixing among the massless scalars
induced by the Yang-Mills sector and the KK excitations of the Higgs doublet. Due to this, the couplings of H(0)
to pairs of W
(m)±
n¯ (Z
(m)
n¯ ) scalars differ from those to pairs of W
(m)±
n (Z
(m)
n ) scalars. It is important to stress that
the Higgs boson distinguishes the families of fields {W (0)±µ , W (m)±µ , W (m)±n¯ , W (m)±n } and {Z(0)µ , Z(m)µ , Z(m)n¯ , Z(m)n }
as collectively describing the gauge bosons W and Z, for it couples to them proportionally to g mW (0) and gmZ(0) ,
respectively. Finally, let us remark that the zero mode fields W
(0)±
µ and Z
(0)
µ (SM fields) have associated the well-
known pseudo-Goldstone bosons G
(0)±
W and G
(0)
Z , which can be removed from the theory via a specific SGT (unitary
gauge), whereas the KK excitations of these gauge fields, W
(m)±
µ and Z
(m)
µ , have associated the pseudo Goldstone
bosons mentioned above, namely, W
(m)±
G and Z
(m)
G , which can be removed from the theory through a specific NSGT.
These facts show in turn that both the SGT and NSGT can be fixed independently of one another.
• In the fermionic sector, each charged lepton or quark is described by a family of 2n2 + 1 KK towers of spinor fields,
{f (0), f (m)1 , · · · , f (m)2n2 }. Neutrinos, on the other hand, are described by a set of 2
n
2 /2 + 1 KK towers of spinor fields,
{f (0), f (m)1 , · · · , f (m)2n2 /2}. The masses of all these KK excitations are given by m
2
f(m)
= m2(m) + m
2
f(0)
. The Higgs
boson H(0) couples to each family of fields in the same way. In other words, the Higgs boson identifies each family
{f (0), f (m)1 , · · · , f (m)2n2 } as belonging to the same flavor f
(0).
For practical purposes the explicit expressions for the Lagrangians of all sectors of the model have been presented,
and any Feynman rule can be extracted from them. This turns the model into a phenomenological laboratory in
order to study the impact of the presence of extra dimensions on the four-dimensional SM realm.
The SM extension to extra dimensions derived in this work is characterized by three energy scales, namely, the
unknown scale Λ, the compactification scale R−1, and the Fermi scale v. At distance scales much smaller than the size
of the extra dimensions, the theory is described by the extended groups {ISO(1, 3+n), GSM(Md)}; but at much larger
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distance scales, of order of R, the effective theory is governed by the standard groups {ISO(1, 3), GSM(M4)}. Implicit
to this is the hierarchy v < R−1 ≪ Λ. This means that in practice, effects proportional to the Λ scale can be ignored.
As it was stressed throughout the work, all nonrenormalizable interactions in the Dyson’s sense are proportional to
this scale. The theory that emerges from deleting all interactions proportional to the Λ scale only contains interactions
that are renormalizable in the Dyson’s sense. This theory, which is characterized by the v and R−1 scales, resembles
a conventional renormalizable extension of the SM, except because it contains an infinite number of particles.
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Dirac’s matrices of dimension higher than four
This appendix is devoted to present explicit expressions for the Λµ¯, Λ(m), Θ
µ¯ matrices given in the fermion sector
of the EDSM. In a spacetime of even dimension 4 + n, there exists a set of 4 + n Dirac’s matrices ΓM = (Γµ,Γµ¯)
(µ = 0, 1, 2, 3; µ¯ = 5, · · · , 4+n), which can be written in terms of covariant objects of the standard SO(1, 3) group as
follows
Γµab = δabγ
µ , Γµ¯ab = Λ
µ¯
abγ
5 , (170)
where the Λµ¯ matrices of dimension 2
n
2 × 2n2 are given by the following direct products of Pauli’s matrices:
Λµ¯ = i(1⊗)Sµ¯(σ2⊗)∆
µ¯
2−∆µ¯4 (−σ3⊗)∆
µ¯
1−∆µ¯3 (−σ1⊗)Sµ¯n (σ2⊗)1−∆
µ¯
4 . (171)
In this expression,
∆µ¯1 =
{
1, for µ¯ odd,
0, otherwise,
∆µ¯2 =
{
1, for µ¯ even,
0, otherwise,
∆µ¯3 = δ
µ¯
5 , ∆
µ¯
4 = δ
µ¯
n+4 , (172a)
Sµ¯ =
1
2 (µ¯−∆µ¯1 )−3 + ∆µ¯3 , Sµ¯n = 12 (n− µ¯+ 2 +∆µ¯1 ) + 2∆µ¯4 . (172b)
In addition, 1 is the 2×2 identity matrix, (σi⊗)0 = 1, (σi⊗)1 = σi⊗, (σi⊗)2 = σi⊗σi⊗, etc. From (171), one obtains
Λµ¯ab = (−1)V
µ¯
ani∆
µ¯
2 δb
Sµ¯an−a , (173)
where
V µ¯an = S
µ¯
n + (∆
µ¯
1 −∆µ¯3 )K µ¯a + (∆µ¯2 −∆µ¯4 )X µ¯a + (1−∆µ¯4 )(a+ 1) . (174)
For a given µ¯, the quantities appearing in this expression are given by
Sµ¯an = 2
S(2K µ¯a−1) + 1 , S = 12 (n− µ¯−∆µ¯1 ) + 3, K = 12 (µ¯+∆µ¯1 )− 3 , (175a)
K µ¯a =
2S∑
k=1
2K∑
r=1
rδa2S(r−1)+k , X
µ¯
a =
2S−1∑
k=1
2K∑
r=1
δa2S(r−1)+k . (175b)
Notice that K µ¯a and X
µ¯
a depend on the subindex a of Λ
µ¯
ab.
A careful analysis of the above expressions allows us to determine the symmetry properties of the Λµ¯ matrices
mentioned in subsection . These properties imply that
Γµ¯† = −Γµ¯ . (176)
Due to the fact that Sµ¯an is odd, the no vanishing entries of Λ
µ¯ are of the form Λµ¯a¯aˆ and Λ
µ¯
aˆa¯, where aˆ and a¯ stand for
even and odd numbers, respectively.
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From (171), it can be shown that the Γ5+n matrix can be written as
Γ5+n = i
2+n
2 Γ0 · · ·Γ3Γ5 · · ·Γ4+n = (1⊗)n−22 σ3 ⊗ γ5 . (177)
On the other hand, the Θµ¯ matrices of dimension 2
n
2 /2× 2n2 /2, are given by
Θµ¯ ≡ Λµ¯aˆa¯ =


Λµ¯21 Λ
µ¯
23 · · ·
Λµ¯41 Λ
µ¯
43 · · ·
...
...
. . .

 , (178)
where the entries of the Λµ¯ matrices are obtained from the expression (173). As far the Λ(m) matrix is concerned, it
is given by
Λ(m) ≡ p(m)µ¯ Λµ¯aˆa¯ =
n∑
α=1
mα
Rα
Θ4+α , Λ†(m) ≡ −p(m)µ¯ Λµ¯a¯aˆ =
n∑
α=1
mα
Rα
Θ4+α † , (179)
where the matrices Θ4+α are given by (178). Finally, using Clifford’s algebra, it can be shown that
Λ(m)Λ
†
(m) = Λ
†
(m)Λ(m) = m
2
(m) . (180)
Covariant terms of currents sector
The covariant objets appearing in the expressions given by Eqs. (106) and (107) are given by
(
DµFiL(1)
)(0)
= D(0)µ F
(0)
iL(1) −
∑
(m)
(
igO(m)µ + igsO(m)µ
)
F
(m)
iL(1), (181a)
(
DµFiL(1)
)(m)
=
∑
(s)
D(ms)µ F
(s)
iL(1) −
(
igO(m)µ + igsO(m)µ
)
F
(0)
iL(1) (181b)
(
DµFiL(a¯)
)(m)
=
∑
(s)
D(ms)µ F
(s)
iL(a¯), a¯ ≥ 3, (181c)
(
DµFiR(aˆ)
)(m)
=
∑
(s)
D′(ms)µ F
(s)
iR(aˆ), (181d)
(
Dµ¯FiL(1)
)(m)
=
∑
(s)
D
(ms)
µ¯ F
(s)
iL(1) −
(
igO(m)µ¯ + igsO(m)µ¯
)
F
(0)
iL(1), (181e)
(
Dµ¯FiL(a¯)
)(m)
=
∑
(s)
D
(ms)
µ¯ F
(s)
iL(a¯), a¯ ≥ 3 (181f)
(
Dµ¯FiR(aˆ)
)(0)
= −
∑
(m)
(
igO(m)µ¯ + igsO(m)µ¯
)
F
(m)
iR(aˆ), (181g)
(
Dµ¯FiR(aˆ)
)(m)
=
∑
(s)
D′(ms)µ¯ F
(s)
iR(aˆ) , (181h)
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(
DµfiR(1)
)(0)
= D(0)µ f
(0)
iR(1) −
∑
(m)
(
igOˆ(m)µ + igsO(m)µ
)
f
(m)
iR(1), (182a)
(
DµfiR(1)
)(m)
=
∑
(s)
D(ms)µ f
(s)
iR(1) −
(
igOˆ(m)µ + igsO(m)µ
)
f
(0)
iR(1), (182b)
(
DµfiR(a¯)
)(m)
=
∑
(s)
D(ms)µ f
(s)
iR(a¯), a¯ ≥ 3 (182c)
(
DµfiL(aˆ)
)(m)
=
∑
(s)
D′(ms)µ f
(s)
iL(aˆ), (182d)
(
Dµ¯fiR(1)
)(m)
=
∑
(s)
D
(ms)
µ¯ f
(s)
iR(1) −
(
igOˆ(m)µ¯ + igsO(m)µ¯
)
f
(0)
iR(1), (182e)
(
Dµ¯fiR(a¯)
)(m)
=
∑
(s)
D
(ms)
µ¯ f
(s)
iR(a¯), a¯ ≥ 3 (182f)
(
Dµ¯fiL(aˆ)
)(0)
= −
∑
(m)
(
igOˆ(m)µ¯ + igsO(m)µ¯
)
f
(m)
iL(aˆ), (182g)
(
Dµ¯fiL(aˆ)
)(m)
=
∑
(s)
D′(ms)µ¯ f
(s)
iL(aˆ) , (182h)
where
D(0)µ = ∂µ −
(
igO(m)µ + igsO(m)µ
)
, (183a)
D(m)(s)µ =δ
(ms)D(0)µ −
∑
(r)
∆(mrs)
(
igO(r)µ + igsO(r)µ
)
, (183b)
D′(m)(s)µ = δ
(ms)D(0)µ − ig
∑
(r)
∆′(msr)
(
igO(r)µ + igsO(r)µ
)
, (183c)
D
(m)(s)
µ¯ = − p(m)µ¯ δ(ms) −
∑
(r)
∆′(mrs)
(
igO(r)µ¯ + igsO(r)µ¯
)
, (183d)
D′(m)(s)µ¯ = p
(m)
µ¯ δ
(ms) −
∑
(r)
∆′(srm)
(
igO(r)µ¯ + igsO(r)µ¯
)
. (183e)
In these expressions, the quantities of the type O(m) were introduced in the Higgs sector, whereas
Oˆ(m) = g
′
g
Y
2
B(m) , (184a)
O(m) =
λa
2
Ga(m) . (184b)
Notice that when the above covariant derivatives act on singlets, the operatorsO(m) must be replaced by the operators
Oˆ(m). Of course, the operator O(m) is not present in the case of leptons.
Scalar charged currents associated with the W gauge boson
In this Appendix we present the charged scalar currents mediated by scalar fields. The currents mediated by the
standard pseudo Goldstone bosons G
(0)+
W , Eq. (143), are given by
J
(0)
GW
= − g√
2mW (0)
{
N¯ (0)ME(0)PRE
(0) + U¯ (0)
[
KMD(0)PR +MU(0)KPL
]
D(0)
}
. (185)
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Here, MF (0) (F = E,D,U) is the standard diagonal mass matrix. For instance, ME(0) = diag(me(0) ,mµ(0) ,mτ (0)). In
addition,
J (m)(m)GW = −
g√
2mW (0)
{
N¯
(m)
V
[
V
(m)
E PR + V
(m)†
N PL
]
ME(0)E
(m)
V
+ U¯
(m)
V
[(
KMD(0) V¯
(m)
D −MU(0)KVˆ (m)D
)
PR
+
(
Vˆ
(m)†
U KMD(0) − V¯ (m)†U MU(0)K
)
PL
]
D
(m)
V
}
. (186)
On the other hand, the currents mediated by the KK pseudo Goldstone bosons W
(m)+
G , Eq. (144), can be expressed
as
J (0)(m)WG = J
(0)(m)
WG ℓ
+ J (0)(m)WG q , (187)
J (r)(s)(m)WG = J
(r)(s)(m)
WG ℓ
+ J (r)(s)(m)WG q , (188)
where the lepton and quark currents are given by
J (0)(m)WG ℓ =
ig√
2mW (m)
{
N¯
(0)
V
[
ME(0) + im(m)Π
(m)
]
V
(m)
E PRE
(m)
V
+ N¯
(m)
V
[
ME(0)PR + im(m)V
(m)†
N Π
(m)†PL
]
E
(0)
V
}
, (189)
J (0)(m)WG q =
ig√
2mW (m)
{
U¯
(0)
V
[
K
(
MD(0) + im(m)Π
(m)
)
V
(m)
D PR −MU(0)KPL
]
D
(m)
V
+ U¯
(m)
V
[
KMD(0)PR − V (m)†U
(
MU(0) − im(m)Π(m)†
)
KPL
]
D
(0)
V
}
, (190)
J (r)(s)(m)WG ℓ =
ig√
2mW (m)
N¯
(r)
V
{[
∆(rsm)ME(0) + i∆
′
(msr)m(m)Π
(m)
]
V
(s)
E PR
+V
(r)†
N
[
∆′(rsm)ME(0) + i∆
′
(mrs)m(m)Π
(m)†]PL}E(s)V , (191)
J (r)(s)(m)WG q =
ig√
2mW (m)
U¯
(r)
V
{[
K
(
∆(rsm)MD(0) V¯
(s)
D + i∆
′
(msr)m(m)Π
(m)V
(s)
D
)
−∆′(rsm)MU(0)KVˆ (s)D
]
PR +
[
∆′(rsm)Vˆ
(r)†
U KMD(0)
− (∆(rsm)V¯ (r)†U MU(0) − i∆′(mrs)m(m)V (r)†U Π(m)†)K]PL}D(s)V . (192)
The charged currents in Eq. (145) mediated by physical scalar fields W
(m)+
n¯ (n¯ = 1, · · · , n− 1) fields are
J (0)(m)Wn¯ = −
g√
2
R(m)µ¯n¯
[
N¯
(0)
V Π
µ¯V
(m)
E PRE
(m)
V + N¯
(m)
V V
(m)†
N Π
µ¯†PLE
(0)
V
+ U¯
(0)
V Π
µ¯KV
(m)
D PRD
(m)
V + U¯
(m)
V V
(m)†
U KΠ
µ¯†PLD
(0)
V
]
, (193)
J (r)(s)(m)Wn¯ = −
g√
2
R(m)µ¯n¯
{
N¯
(r)
V
[
∆′(msr)Π
µ¯V
(s)
E PR +∆
′
(mrs)V
(r)†
N Π
µ¯†PL
]
E
(s)
V
+ U¯
(r)
V
[
∆′(msr)KΠ
µ¯V
(s)
D PR +∆
′
(mrs)V
(r)†
U Π
µ¯†KPL
]
D
(s)
V
}
. (194)
The currents in Eq. (146) are conveniently divided in lepton and quark currents as follows:
J (0)(m)Wn = J
(0)(m)
Wn ℓ
+ J (0)(m)Wn q , (195)
J (r)(s)(m)Wn = J
(r)(s)(m)
Wn ℓ
+ J (r)(s)(m)Wn q , (196)
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where
J (0)(m)Wn ℓ = −
igmW (0)√
2mW (m)
{
N¯
(0)
V
[ m(m)
m2
W (0)
ME(0) − iΠ(m)
]
V
(m)
E PRE
(m)
V
+ N¯
(m)
V
[ m(m)
m2
W (0)
ME(0)PR − iV (m)†N Π(m)†PL
]
E
(0)
V
}
, (197)
J (0)(m)Wn q = −
igmW (0)√
2mW (m)
{
U¯
(0)
V
[
K
( m(m)
m2
W (0)
MD(0) − iΠ(m)
)
V
(m)
D PR − m(m)m2
W (0)
MU(0)KPL
]
D
(m)
V
+ U¯
(m)
V
[
m(m)
m2
W (0)
KMD(0)PR − V (m)†U
( m(m)
m2
W (0)
MU(0) + iΠ
(m)†)KPL]D(0)V } , (198)
J (r)(s)(m)Wn ℓ = −
igmW (0)√
2mW (m)
N¯
(r)
V
{[
∆(rsm)
m(m)
m2
W (0)
ME(0) − i∆′(msr)Π(m)
]
V
(s)
E PR
+V N†
[
∆′(rsm)
m(m)
m2
W (0)
ME(0) − i∆′(mrs)Π(m)†
]
PL
}
E
(s)
V , (199)
J (r)(s)(m)Wn q = −
igmW (0)√
2mW (m)
U¯
(r)
V
{[
K
(
∆(rsm)
m(m)
m2
W (0)
MD(0) V¯
(s)
D − i∆′(msr)Π(m)V (s)D
)
−∆′(rsm) m(m)m2
W (0)
MU(0)KVˆ
(s)
D
]
PR +
[
∆′(rsm)
m(m)
m2
W (0)
Vˆ
(r)†
U KMD(0)
− (∆(rsm) m(m)m2
W (0)
V¯
(r)†
U MU(0) + i∆
′
(mrs)V
(r)†
U Π
(m)†)K]PL}D(s)V . (200)
Scalar neutral currents associated with the Z gauge boson
In this Appendix we present the neutral scalar currents mediated by the different scalar fields associated with the
Z gauge boson. The current mediated by the standard, G
(0)
Z , and nonstandard, Z
(m)
G , pseudo Goldstone bosons are
given by
J
(0)
GZ
= − ig
2mW (0)
[
E¯(0)ME(0)γ
5E(0)
+D¯(0)MD(0)γ
5D(0) − U¯ (0)MU(0)γ5U (0)
]
, (201)
J (m)(m)GZ =
ig
2mW (0)
∑
F=E,D,U
ǫF F¯
(m)
V MF (0)V
(m)
F− γ
5F
(m)
V , (202)
J (0)(m)ZG = −
ig
2cWmZ(m)
{ ∑
F=E,D,U
F¯
(0)
V
[(
ǫFMF (0) − igF+m(m)Π(m)
)
V
(m)
F PR
− (ǫFMF (0) − igF−m(m)Π(m))PL]F (m)V − iN¯ (0)V m(m)Π(m)V (m)N PRN (m)V }
+H. c. (203)
J (r)(s)(m)ZG = −
igm(m)
2cWmZ(m)
{ ∑
F=E,D,U
F¯
(r)
V
[
g
F rsmR
ZG
PR + g
F rsmL
ZG
PL
]
F
(s)
V
− iN¯ (r)V
[
∆′(msr)Π
(m)V
(s)
N PR +∆
′
(mrs)V
(r)†
N Π
(m)†PL
]
N
(s)
V
}
, (204)
where V
(m)
F− = Vˆ
(m)
F − V¯ (m)F ,
g
F rsmR
ZG
= ǫF
(
∆(rsm)V¯
(s)
F −∆′(rsm)Vˆ (s)F
)M
F (0)
m(m)
.
+i
(
∆′(mrs)g
F
−Π
(m)† −∆′(msr)gF+Π(m)
)
V
(s)
F , (205)
g
F rsmL
ZG
= ǫF
M
F (0)
m(m)
(
∆′(rsm)Vˆ
(r)†
F −∆(rsm)V¯ (r)†F
)
+iV
(r)†
F
(
∆′(msr)g
F
−Π
(m) −∆′(mrs)gF+Π(m)†
)
. (206)
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The currents mediated by the physical scalars Z
(m)
n¯ and Z
(m)
n are
J (0)(m)Zn¯ = −
g
2cW
R(m)µ¯n¯
{ ∑
F=E,D,U
F¯
(0)
V Π
µ¯
[
gF+V
(m)
F PR − gF−PL
]
F
(m)
V
+N¯
(0)
V Π
µ¯V
(m)
N PRN
(m)
V
}
+H. c. , (207)
J (r)(s)(m)Zn¯ = −
g
2cW
R(m)µ¯n¯
{ ∑
F=E,D,U
F¯
(r)
V
[(
∆′(msr)g
F
+Π
µ¯ −∆′(mrs)gF−Πµ¯†
)
V
(s)
F PR
+V
(r)†
F
(
∆′(mrs)g
F
+Π
µ¯† −∆′(msr)gF−Πµ¯
)
PL
]
F
(s)
V
+ N¯
(r)
V
[
∆′(msr)Π
µ¯V
(s)
N PR +∆
′
(mrs)V
(r)†
N Π
µ¯†PL
]
N
(s)
V
}
, (208)
J (0)(m)Zn =
igmZ(0)
2cWmZ(m)
{ ∑
F=E,D,U
F¯
(0)
V
[(
ǫF
m(m)
m2
Z(0)
MF (0) + ig
F
+Π
(m)
)
V
(m)
F PR
−
(
ǫF
m(m)
m2
Z(0)
MF (0) + ig
F
−Π
(m)
)
PL
]
F
(m)
V + iN¯
(0)
V Π
(m)V
(m)
N PRN
(m)
V
}
+H. c. , (209)
J (r)(s)(m)Zn =
igmZ(0)
2cWmZ(m)
{ ∑
F=E,D,U
F¯
(r)
V
[
g
F rsmR
Zn
PR + g
F rsmL
Zn
PL
]
F
(s)
V
+ iN¯
(r)
V
[
∆′(msr)Π
(m)V
(s)
N PR +∆
′
(mrs)V
(r)†
N Π
(m)†PL
]
N
(s)
V
}
, (210)
where
g
F rsmR
Zn
= ǫF
m(m)
m2
Z(0)
(
∆(rsm)V¯
(s)
F −∆′(rsm)Vˆ (s)F
)
MF (0)
+i
(
∆′(msr)g
F
+Π
(m) −∆′(mrs)gF−Π(m)†
)
V
(s)
F , (211)
g
F rsmL
Zn
= ǫF
m(m)
m2
Z(0)
(
∆′(rsm)Vˆ
(r)†
F −∆(rsm)V¯ (r)†F
)
MF (0)
+iV
(r)†
F
(
∆′(mrs)g
F
+Π
(m)† −∆′(msr)gF−Π(m)
)
. (212)
In the above expressions,
ǫF =
{
1, F = E,D,
−1, F = U. (213)
Feynman rules for the fermionic sector
In this appendix, we present the Feynman rules for the fermionic sector of the EDSM. In order to write our
expressions more concisely, it is convenient to introduce some slight changes in the notation introduced in Sec. . The
unitary matrices of dimension 2
n
2 × 2n2 that transform right-handed KK excitations are rewritten as:
V
(m)
f =
1
mf(m)
(
mf(0) 1˜ −iΛ(m)
−iΛ†(m) mf(0) 1˜
)
, V (m)νℓ = −
iΩ(m)
m(m)
, Ω(m) =
(
0 Λ(m)
Λ†(m) 0
)
, (214)
where f denotes a quark or charged lepton, whereas νℓ represents one of the neutrinos of the three known species.
f (0) and ν
(0)
ℓ represent the SM particles, whereas f
(m) and ν
(m)
ℓ are their respective KK excitations. The label (a)
36
denote components of the vectors
f (m) =


f
(m)
(1)
...
f
(m)
(a)
...
f
(m)
(2
n
2 )


, ν
(m)
ℓ =


0
...
0
ν
(m)
ℓ (1)
...
ν
(m)
ℓ (a)
...
ν
(m)
ℓ ( 2
n
2
2 )


, with f = ℓ, q . (215)
Notice that the first 2
n
2 /2 entries of ν
(m)
ℓ are zero. Due to this, it is convenient to introduce the following matrix:
1¯ =
(
0 0
0 1˜
)
. (216)
Remember that 1˜ is the unity matrix of dimension 2
n
2 /2× 2n2 /2.
For practical purposes, it is convenient to express the matrix V
(m)
f , with f = q, ℓ, as the sum of two submatrices,
namely, V
(m)
f = Vˆ
(m)
f + V¯
(m)
f , where
Vˆ
(m)
f =
1
mf(m)
(
mf(0) −iΛ(m)
0 0
)
, V¯
(m)
f =
1
mf(m)
(
0 0
−iΛ†(m) mf(0)
)
. (217)
Because SM fermions have been placed in the 2
n
2 + 1 entry of the vector f¯ (0) = (0, · · · , 0, f¯ (0)
(2
n
2 +1)
, 0, · · · , 0), the label
(a) in f
(0)
(a) only can take the value
2
n
2
2 + 1.
We now proceed to list complete set of Feynman rules for vector and scalar currents.
W-mediated charged currents
Vector charged currents
W (0)+µ
f (0)ui ,
f (m)ui(a)
f
(0)
dj
,
f
(m)
dj(b)
:=
ig√
2
Kijγ
µPL , iW
(m)µ
(ab) ,
where W
(m)µ
(ab) comprises quarks or leptons interactions, which are respectively given by:
W
(m)µ
ij(ab) =
g√
2
Kijγ
µ
[
Vˆ (m)†ui Vˆ
(m)
dj
PR +
1
2
PL
]
ab
, (218)
W
(m)µ
ℓ(ab) =
g√
2
γµ
[
1¯
(
V (m)†νℓ V
(m)
ℓ PR + PL
)]
ab
. (219)
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W (0)−µ
f
(0)
di
,
f
(m)
di(a)
f (0)uj ,
f (m)uj(b)
:=
ig√
2
K†ijγ
µPL , iW
(m)µ †
(ab) ,
where
W
(m)µ†
ij(ab) =
g√
2
K†ijγ
µ
[
Vˆ
(m)†
di
Vˆ (m)uj PR +
1
2
PL
]
ab
, (220)
W
(m)µ†
ℓ(ab) =
g√
2
γµ
[(
V
(m)†
ℓ V
(m)
νℓ
PR + PL
)
1¯
]
ab
. (221)
In the case of leptonic currents, the matrix K must be replaced by the identity matrix.
W (m)+µ
f (0)ui(a),
f (m)ui(a)
f
(m)
dj(b)
,
f
(0)
dj(b)
:=
ig√
2
Kijγ
µPLδab ,
(222)
W (m)−µ
f
(0)
di(a)
,
f
(m)
di(a)
f (m)uj(b),
f (0)uj(b)
:=
ig√
2
K†ijγ
µPLδab ,
(223)
Note that the above Feynman rules coincide with those generated by the SM.
W (m)+µ
f (r)ui(a)
f
(s)
dj(b)
:= iW
(mrs)µ
(ab) ,
where
W
(mrs)µ
ij(ab) =
g√
2
Kijγ
µ
[
∆′(rsm)Vˆ
(r)†
ui Vˆ
(s)
dj
PR +
1
2
∆(rsm)PL
]
ab
, (224)
W
(mrs)µ
ℓ(ab) =
g√
2
γµ
[
1¯
(
∆′(rsm)V
(r)†
νℓ
V
(s)
ℓ PR +∆(rsm)PL
)]
ab
. (225)
38
W (m)−µ
f
(r)
di(a)
f (s)uj(b)
:= iW
(mrs)µ†
(ab) ,
where
W
(mrs)µ†
ij(ab) =
g√
2
K†ijγ
µ
[
∆′(rsm)Vˆ
(r)†
di
Vˆ (s)uj PR +
1
2
∆(rsm)PL
]
ab
, (226)
W
(mrs)µ†
ℓ(ab) =
g√
2
γµ
[(
∆′(rsm)V
(r)†
ℓ V
(s)
νℓ PR +∆(rsm)PL
)
1¯
]
ab
. (227)
Scalar charged currents
W
(m)+
n¯
f (0)ui(a),
f (m)ui(a)
f
(m)
dj(b)
,
f
(0)
dj(b)
:=


− ig√
2
R(m)µ¯n¯ Kij
[
Πµ¯V
(m)
dj
]
ab
PR ,
− ig√
2
R(m)µ¯n¯ Kij
[
V
(m)†
ui Π
µ¯†]
ab
PL
(228)
W
(m)−
n¯
f
(0)
di(a)
,
f
(m)
di(a)
f (m)uj(b),
f (0)uj(b)
:=


− ig√
2
R(m)†n¯µ¯ K†ij
[
Πµ¯V
(m)
uj
]
ab
PR ,
− ig√
2
R(m)†n¯µ¯ K†ij
[
V
(m)†
di
Πµ¯†
]
ab
PL .
(229)
Note that
Πµ¯V
(m)
f =
1
mf(m)
(
0 0
mf(0)Θ
µ¯† −iΘµ¯†Λ(m)
)
, Πµ¯V (m)νℓ =
1
m
ν
(m)
ℓ
(
0 0
0 −iΘµ¯†Λ(m)
)
,
where f = q, ℓ.
W
(m)+
n¯
f (r)ui(a)
f
(s)
dj(b)
:= iW
n¯ (mrs)
(ab) ,
where
W
n¯ (mrs)
ij(ab) =−
g√
2
KijR(m)µ¯n¯
[
∆′(msr)Π
µ¯V
(s)
dj
PR +∆
′
(mrs)V
(r)†
ui Π
µ¯†PL
]
ab
, (230)
W
n¯ (mrs)
ℓ (ab) =−
g√
2
R(m)µ¯n¯
[
∆′(msr)Π
µ¯V
(s)
ℓ PR +∆
′
(mrs)V
(r)†
νℓ Π
µ¯†PL
]
ab
. (231)
39
W
(m)−
n¯
f
(r)
di(a)
f (s)uj(b)
:= iW
n¯ (mrs)†
(ab) ,
where
W
n¯ (mrs)†
ij(ab) =−
g√
2
K†ijR(m)†n¯µ¯
[
∆′(msr)Π
µ¯V (s)uj PR +∆
′
(mrs)V
(r)†
di
Πµ¯†PL
]
ab
, (232)
W
n¯ (mrs)†
ℓ (ab) =−
g√
2
R(m)†n¯µ¯
[
∆′(msr)Π
µ¯V (s)νℓ PR +∆
′
(mrs)V
(r)†
ℓ Π
µ¯†PL
]
ab
. (233)
W (m)+n
f (0)ui(a),
f (m)ui(a)
f
(m)
dj(b)
,
f
(0)
dj(b)
:= iW
(m)
(ab) , iW
(m)
in (ab) ,
W (m)−n
f
(0)
di(a)
,
f
(m)
di(a)
f (m)uj(b),
f (0)uj(b)
:= iWˆ
(m)
(ab) , iWˆ
(m)
in (ab) ,
W
(m)
ij(ab) =−
igmW (0)√
2mW (m)
Kij
[( m(m)
m2
W (0)
m
d
(0)
j
− iΠ(m))V (m)dj PR − m(m)m2
W (0)
m
u
(0)
i
PL
]
ab
, (234)
W
(m)
in ij(ab) =−
igmW (0)√
2mW (m)
Kij
[
m(m)
m2
W (0)
m
d
(0)
j
PR − V (m)†ui
( m(m)
m2
W (0)
m
u
(0)
i
+ iΠ(m)†
)
PL
]
ab
, (235)
Wˆ
(m)
ij(ab) =
igmW (0)√
2mW (m)
K†ij
[
m(m)
m2
W (0)
m
d
(0)
i
PL −
( m(m)
m2
W (0)
m
u
(0)
j
− iΠ(m))V (m)uj PR]
ab
, (236)
Wˆ
(m)
in ij(ab) =
igmW (0)√
2mW (m)
K†ij
[
V
(m)†
di
( m(m)
m2
W (0)
m
d
(0)
i
+ iΠ(m)†
)
PL − m(m)m2
W (0)
m
u
(0)
j
PR
]
ab
, (237)
W
(m)
ℓ(ab) =−
igmW (0)√
2mW (m)
[
1¯
(
m(m)
m2
W (0)
mℓ(0) − iΠ(m)
)
V
(m)
ℓ
]
ab
PR , (238)
W
(m)
in ℓ(ab) =−
igmW (0)√
2mW (m)
[
1¯
(
m(m)
m2
W (0)
mℓ(0)PR − iV (m)†νℓ Π(m)†PL
)]
ab
(239)
Wˆ
(m)
ℓ(ab) =
igmW (0)√
2mW (m)
[(
m(m)
m2
W (0)
mℓ(0)PL + iΠ
(m)V
(m)
νℓ PR
)
1¯
]
ab
, (240)
Wˆ
(m)
in ℓ(ab) =
igmW (0)√
2mW (m)
[
V
(m)†
ℓ
(
m(m)
m2
W (0)
mℓ(0) + iΠ
(m)†
)
1¯
]
ab
PL , (241)
40
W (m)+n
f (r)ui(a)
f
(s)
dj(b)
:= iW
(mrs)
ij(ab) ,
W (m)−n
f
(r)
di(a)
f (s)uj(b)
:= iW
(mrs)†
ij(ab) ,
W
(mrs)
ij(ab) =−
igmW (0)Kij√
2mW (m)
[
(
∆(rsm)
m(m)m
d
(0)
j
m2
W (0)
V¯
(s)
dj
− i∆′(msr)Π(m)V (s)dj −∆′(rsm)
m(m)m
u
(0)
i
m2
W (0)
Vˆ
(s)
dj
)
PR
+
(
∆′(rsm)
m(m)m
d
(0)
j
m2
W (0)
Vˆ
(r)†
ui −∆(rsm)
m(m)m
u
(0)
i
m2
W (0)
V¯
(r)†
ui − i∆′(mrs)V (r)†ui Π(m)†
)
PL
]
ab
, (242)
W
(mrs)
ℓ(ab) =−
igmW (0)√
2mW (m)
[
1¯
{(
∆(rsm)
m(m)mℓ(0)
m2
W (0)
− i∆′(msr)Π(m)
)
V
(s)
ℓ PR
+ V (r)†νℓ
(
∆′(rsm)
m(m)mℓ(0)
m2
W (0)
− i∆′(mrs)Π(m)†
)
PL
}]
ab
, (243)
W
(mrs)†
ij(ab) =
igmW (0)K
†
ij√
2mW (m)
[
(
∆(srm)
m(m)m
d
(0)
i
m2
W (0)
V¯
(r)†
di
+ i∆′(mrs)V
(r)†
di
Π(m)† −∆′(srm)
m(m)m
u
(0)
j
m2
W (0)
Vˆ
(r)†
di
)
PL
+
(
∆′(srm)
m(m)m
d
(0)
i
m2
W (0)
Vˆ
(s)
uj −∆(srm)
m(m)m
u
(0)
j
m2
W (0)
V¯
(s)
uj + i∆
′
(msr)Π
(m)V
(s)
uj
)
PR
]
ab
, (244)
W
(mrs)†
ℓ(ab) =
igmW (0)√
2mW (m)
[{
V
(r)†
ℓ
(
∆(srm)
m(m)mℓ(0)
m2
W (0)
+ i∆′(mrs)Π
(m)†
)
PL
+
(
∆′(srm)
m(m)mℓ(0)
m2
W (0)
+ i∆′(msr)Π
(m)
)
V
(s)
νℓ PR
}
1¯
]
ab
, (245)
Z-mediated neutral currents
Vector neutral currents
Z(0)µ
f (0) ,
f
(m)
(b)
f (0) ,
f
(m)
(a)
:=


ig
2cW
γµ
(
gfV − gfAγ5
)
, iZ
(m)µ
(ab) , f = q, ℓ,
ig
2cW
γµPL , iZ
′ (m)µ
(ab) , f = νℓ,
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where
Z
(m)µ
(ab) =
g
2cW
γµ
[(
gf+Vˆ
(m)†
f Vˆ
(m)
f + g
f
−V¯
(m)†
f V¯
(m)
f
)
PR + g
f
V PL
]
ab
(246)
Z
′ (m)µ
(ab) =
g
2cW
γµδab . (247)
Neutral currents mediated by KK Z excitations are given by
Z(m)µ
f
(0)
(a) ,
f
(m)
(a) ,
f
(m)
(b) ,
f
(0)
(b) ,
f
(r)
(a)
f
(s)
(b)
:=


i[Z
(m)µ
0 (ab), Z
(m)µ
0in (ab), Z
(mrs)µ
(ab) ], f = q, ℓ,
i[Z
′(m)µ
0 (ab) , Z
′(m)µ
0 (ab) , Z
′ (mrs)µ
(ab) ], f = νℓ,
where
Z
(m)µ
0(ab) =
g
2cW
γµ
[
gf−V
(m)
f PR + g
f
+PL
]
ab
, (248)
Z
(m)µ
0in(ab) =
g
2cW
γµ
[
gf−V
(m)†
f PR + g
f
+PL
]
ab
, (249)
Z
(mrs)µ
(ab) =
g
2cW
γµ
[(
∆′(rsm)g
f
+Vˆ
(r)†
f Vˆ
(s)
f
+∆(rsm)g
f
−V¯
(r)†
f V¯
(s)
f
)
PR +
1
2
(
∆′(rsm)g
f
− +∆(rsm)g
f
+
)
PL
]
ab
, (250)
Z
′(m)µ
0 (ab) =
g
2cW
γµPL δab , (251)
Z
′ (mrs)µ
(ab) =
g
2cW
γµ
[
1¯
(
∆′(rsm)V
(r)†
νℓ
V (s)νℓ PR +∆(rsm)PL
)]
ab
. (252)
Scalar neutral currents
Z
(m)
n¯
f
(0)
(a) ,
f
(m)
(a) ,
f
(m)
(b) ,
f
(0)
(b) ,
f
(r)
(a)
f
(s)
(b)
:=


i[Z
n¯(m)
(ab) , Z
n¯(m)
in (ab), Z
n¯(mrs)
(ab) ], f = q, ℓ,
i[Z
′n¯(m)
(ab) , Z
′n¯(m)
in (ab), Z
n¯(mrs)
ν (ab) ], f = νℓ,
where
Z
n¯(m)
(ab) =−
g
2cW
R(m)µ¯n¯
[
Πµ¯
(
gf+V
(m)
f PR − gf−PL
)]
ab
, (253)
Z
n¯(m)
in(ab) =−
g
2cW
R(m)†n¯µ¯
[(
gf+V
(m)†
f PL − gf−PR
)
Πµ¯†
]
ab
, (254)
Z
n¯(mrs)
(ab) =−
g
2cW
R(m)µ¯n¯
[(
∆′(msr)g
f
+Π
µ¯ −∆′(mrs)gf−Πµ¯†
)
V
(s)
f PR
+ V
(r)†
f
(
∆′(mrs)g
f
+Π
µ¯† −∆′(msr)gf−Πµ¯
)
PL
]
ab
(255)
Z
′n¯(m)
(ab) =−
g
2cW
R(m)µ¯n¯
[
Πµ¯V (m)νℓ
]
ab
PR , (256)
Z
′n¯(m)
in (ab) =−
g
2cW
R(m)†n¯µ¯
[
V (m)†νℓ Π
µ¯†]
ab
PL , (257)
Z
n¯(mrs)
ν(ab) =−
g
2cW
R(m)µ¯n¯
[
∆′(msr)Π
µ¯V (s)νℓ PR +∆
′
(mrs)V
(r)†
νℓ Π
µ¯†PL
]
ab
(258)
42
Z(m)n
f
(0)
(a) ,
f
(m)
(a) ,
f
(m)
(b) ,
f
(0)
(b) ,
f
(r)
(a)
f
(s)
(b)
:=


i[Z
(m)
(ab),Z
(m)
in(ab),Z
(mrs)
(ab) ], f = q, ℓ,
i[Z
′ (m)
(ab) ,Z
′ (m)
in(ab),Z
′ (mrs)
(ab) ], f = νℓ,
where
Z
(m)
(ab) =
igmZ(0)
2cWmZ(m)
[(
ǫf
m(m)
m2
Z(0)
mf(0) + ig
f
+Π
(m)
)
V
(m)
f PR
−
(
ǫf
m(m)
m2
Z(0)
mf(0) + ig
f
−Π
(m)
)
PL
]
ab
, (259)
Z
(m)
in(ab) =−
igmZ(0)
2cWmZ(m)
[
V
(m)†
f
(
ǫf
m(m)
m2
Z(0)
mf(0) − igf+Π(m)†
)
PL
−
(
ǫf
m(m)
m2
Z(0)
mf(0) − igf−Π(m)†
)
PR
]
ab
, (260)
Z
(mrs)
(ab) =
igmZ(0)
2cWmZ(m)
[
g
F rsmR
Zn
PR + g
F rsmL
Zn
PL
]
ab
, (261)
Z
′ (m)
(ab) =
−gmZ(0)
2cWmZ(m)
[
Π(m)V (m)νℓ
]
ab
PR, (262)
Z
′ (m)
in(ab) =
−gmZ(0)
2cWmZ(m)
[
V (m)†νℓ Π
(m)†]
ab
PL, (263)
Z
′ (mrs)
(ab) =
−gmZ(0)
2cWmZ(m)
[
1¯
(
∆′(msr)Π
(m)V (s)νℓ PR +∆
′
(mrs)V
(r)†
νℓ
Π(m)†PL
)]
ab
. (264)
In the above expressions,
g
F rsmR
Zn
= ǫf
m(m)mf(0)
m2
Z(0)
(
∆(rsm)V¯
(s)
f −∆′(rsm)Vˆ (s)f
)
+ i
(
∆′(msr)g
f
+Π
(m) −∆′(mrs)gf−Π(m)†
)
V
(s)
f , (265)
g
F rsmL
Zn
= ǫf
m(m)mf(0)
m2
Z(0)
(
∆′(rsm)Vˆ
(r)†
f −∆(rsm)V¯ (r)†f
)
+ iV
(r)†
f
(
∆′(mrs)g
f
+Π
(m)† −∆′(msr)gf−Π(m)
)
, (266)
ǫf =
{ −1, f = u,
1, f = d, e,
(267)
note that ǫf = −2gfA.
Electromagnetic currents
Vector currents
A(0)µ
f(b)
f(a)
:= ieQfγ
µδab , f = {f (0), f (m)} ,
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A(m)µ
f
(0)
(a) ,
f
(m)
(a) ,
f
(m)
(b) ,
f
(0)
(b) ,
f
(r)
(a)
f
(s)
(b)
:= i[Γ
(m)µ
(ab) ,Γ
(m)µ
in (ab),Γ
(mrs)µ
(ab) ] ,
where
Γ
(m)µ
(ab) =eQfγ
µ
[
V
(m)
f PR + PL
]
ab
, (268)
Γ
(m)µ
in(ab) =eQfγ
µ
[
V
(m)†
f PR + PL
]
ab
, (269)
Γ
(mrs)µ
(ab) =eQfγ
µ
[(
∆′(rsm)Vˆ
(r)†
f Vˆ
(s)
f +∆(rsm)V¯
(r)†
f V¯
(s)
f
)
PR
+
1
2
(
∆′(rsm) +∆(rsm)
)
PL
]
ab
. (270)
Scalar currents
A
(m)
n¯
f
(0)
(a) ,
f
(m)
(a) ,
f
(m)
(b) ,
f
(0)
(b) ,
f
(r)
(a)
f
(s)
(b)
:= i[Γ
n¯ (m)
(ab) ,Γ
n¯ (m)
in(ab),Γ
(mrs)
(ab) ] ,
where
Γ
n¯ (m)
(ab) =− eQfR(m)µ¯n¯
[
Πµ¯
(
V
(m)
f PR − PL
)]
ab
, (271)
Γ
n¯ (m)
in(ab) =− eQfR(m)†n¯µ¯
[(
V
(m)†
f PR − PL
)
Πµ¯†
]
ab
, (272)
Γ
(mrs)
(ab) =− eQfR(m)µ¯n¯
[(
∆′(msr)Π
µ¯ −∆′(mrs)Πµ¯†
)
V
(s)
f PR
+ V
(r)†
f
(
∆′(mrs)Π
µ¯† −∆′(msr)Πµ¯
)
PL
]
ab
. (273)
Higgs couplings
H(0)
f (0),
f
(m)
(a)
f (0),
f
(m)
(b)
:= − igmf(0)
2mW (0)
, iΓ
(m)
(ab),
(274)
where
Γ
(m)
(ab) = −
gmf(0)
2mW (0)mf(m)
[
mf(0) − iΩ(m)γ5
]
ab
(275)
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H(m)
f
(0)
(a) ,
f
(m)
(a) ,
f
(m)
(b) ,
f
(0)
(b) ,
f
(r)
(a)
f
(s)
(b)
:= i[H(m)(ab),H(m)in (ab),H(mrs)(ab) ] ,
where
H(m)(ab) =−
gmf(0)
2mW (0)
[
V
(m)
f PR + PL
]
ab
, (276)
H(m)in(ab) =−
gmf(0)
2mW (0)
[
V
(m)†+
f PL + PR
]
ab
, (277)
H(mrs)(ab) =−
gmf(0)
2mW (0)
[(
∆(rsm)V¯
(s)
f +∆
′
(rsm)Vˆ
(s)
f
)
PR
+
(
∆(rsm)V¯
(r)†
f +∆
′
(rsm)Vˆ
(r)†
f
)
PL
]
ab
. (278)
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